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INTRODUCTION 
The jellium model consists of interacting electrons moving against a uniform background 
of neutralizing positive charge. It is thought relevant for an understanding of the be-
haviour of electrons in metals. Exact solutions of the jellium model are only known in the 
limits of very low and very high electron density. In both limits the exact ground state en-
ergy of the jellium model can be obtained by reformulating the model in terms of bosons. 
The existing boson formulations, however, give rise to some fundamental questions. 
In the limit of low density the existing boson formulation, which is due to Carr [1], 
is based upon a semi-classical approach. As a consequence Carr's Hamiltonian is not 
invariant under the permutation of the coordinates of the electrons, its ground state 
is not antisymmetric and the relation between the introduced bosons and the original 
fermions is unclear. 
In the high-density limit the existing boson formulation, which is due to Sawada [2], 
is based upon perturbation theory with the Sommerfeld free-electron model as the un-
perturbed system. Sawada's formulation is an elegant way to avoid the problem of the 
so-called infrared divergency, that appears in second order perturbation theory due to 
the long-range nature of the Coulomb interaction. As a consequence of the perturba-
tional approach, however, Sawada's boson Hamiltonian does not take into account the 
full dynamics of the fermion system, i.e. its meaning is unclear. 
This thesis discusses the fundamental questions raised by the existing boson formula-
tions and presents different boson formulations. In part I the semi-classical approach to 
the low-density jellium model is replaced by a fully quantummechanical treatment. The 
resulting boson formulation is used to study the effect of a magnetic field on the jellium 
model. In part II the algorithm is given for the construction of a boson Hamiltonian, 
that includes the full description of the jellium model at all densities. This algorithm is 
applied to a reduced form of the jellium model, that has the same ground state energy as 
the jellium model in the high-density limit. 
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Quantum field approach to a 
low-density electron system * 
Abstract 
The semi-classical approach to an interacting electron system with low density 
is replaced by a fully quantummechanical discussion. The energies of the 
ground state and the low lying excited states are calculated according to the 
methods of quantum field theory. A comparison is made with the results of 
the existing approach. The effect of a magnetic field on the low lying states 
of the electron system is calculated in a selfconsistent way. The low density 
electron system does not show a Meissner-Ochsenfeld effect. 
1. Introduction 
The jellium model plays a prominent part in our understanding of the behaviour of the 
solid state. This model consists of a number of interacting electrons that move against 
a uniform background of neutralizing positive charge. Up to now its exact solution is 
unknown and one has to resort to approximation methods in order to study its behaviour. 
According to Wigner [1], who used a semi-classical approach, the ground state of the 
jellium model has a lattice structure at sufficiently low densities. This electron lattice is 
known as the Wigner lattice. For a review of the existing literature on the Wigner lattice 
we refer to Care and March [2]. 
"Published in J.Phys. Condens. Matter 3, 7763 (1991) 
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The aim of the present article is to discuss the properties of the ground state and the 
low lying excited states of the low density jellium model from a purely quantummechanical 
point of view. Our paper is organized in the following way. First, in section 2, we 
discuss briefly the formation of a lattice structure in the classical jellium model. Next, 
in section 3, we give a rather elaborated discussion of the ground state using a quantum 
field approach. Our calculations are based on the variational method using a Hartree-
Fock trial state. Most of the results are familiar, but they are now based on a fully 
quantummechanical ground. In section 4 we consider the influence of correlation on the 
Hartree-Fock results. Section 5 deals with the effect of a magnetic field on the Wigner 
lattice and pays attention to the eventual appearance of superconductivity. Finally the 
results are discussed in section 6. 
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2. Lattice formation in the classical jellium model 
First of all we recall briefly the jellium model. The starting-point of our discussion is 
a system that consists of N electrons and N positive ions moving in a volume Ω. The 
Hamiltonian of this system is given by 
k 2m 2M 2 кфі I n - r / l \pk - p¡ \ kl \тк - p,| 
where e is the magnitude of the charge of an electron or ion, m the mass of an electron, 
M the mass of an ion, whereas т^ and pk denote the position and momentum of electron 
ifc and pk and π* those of ion k. Next we use the decomposition 
7 = Σ V ( 9 ) exP(¿9 · *· ) = -¿ψ ƒ d 3 9 <Я ) exP(¿9 · ' ) (2·2) 
ith 
Пч) = ^ ^ е М - г Я - г ) = ^ . (2.3) 
It should be remarked here that strictly speaking the expression (2.3) is only true if the 
Coulomb potential ψ is replaced by the Yukawa potential ^-ψ— and the limit μ —» 0 is 
taken after performing the integration. Substitution of (2.2) into (2.1) gives 
* - Ç ( | | + â)+^'n,) Σ ( e x p N · (rk - ri)] 
- NV{4), (2.4) + exp[¿9 · {pk - p,)]) - 2 Σ exP[¿9 * {rk - Pi)] 
k,l 
where the prime in the summation over q indicates that the q = 0 term is excluded. The 
term J W ( 0 ) docs not contribute to the energy per electron in the thermodynamic limit, 
as follows from the integral representation (2.3). Consequently this term can be neglected. 
The jellium model is then obtained by putting the momenta of the ions equal to zero and 
by averaging the Hamiltonian (2.4) over all possible configurations of the ions attributing 
equal weight to them. The result is a homogeneous positively charged background for the 
electrons. The Hamiltonian of the jellium model is 
Η
 = Σ£; + ίΣ'ν(4)Σ ™РИЯ • (г* - г,)]. (2.5) 
к
 ¿m ¿
 q кфі 
Here we pay attention to the energy of the ground state of the classical jellium model. 
This means that the momenta of the electrons are zero and that we must look for a 
distribution function Φ(» · 1 , . . . , глг) that minimizes the energy expression 
Ε
 = ΐ Έ '
ν ( 4 ) ίά3Γ1...ά3ΓΝΦ(τ1,...,τΝ)Σ,βχρ[ί4-(τΐ!-η)}, (2.6) 
where Φ is normalized, i.e. 
Jd3rl...d
3
rN<i>{TU...,TN) = l . (2.7) 
As discussed by Peierls [3] a regular lattice of electrons is expected to be the most stable 









we obtain using (2.3) 
27re2 / 1 
£ = - Ρ Γ Σ Е-І°МІЯ-(Ъ-Ъ)]. (2-9) 
" q k?t ч 
The expression (2.9) contains a summation over the lattice points, which can be easily 
performed. Then the energy per electron, ε = -ττ, appears to be 
* = ^ Е ' І ( Е е * р [ ' < 7 - ( я * - Д
г
) ] - А 0 
1
 " q Ч k,i 
- ^ " (Σ γ* "Σ -ϊ). (2.10) 
where Κ
η
 denotes a reciprocal lattice vector. The energy ε is negative for all electron 
densities, as the primitive unit cell of the reciprocal lattice contains N q points. Clearly 
expression (2.10) consists of two divergent terms. However, their difference is finite as can 
be shown using the Madelung or Ewald summation procedure. For several lattices the 
energy ε has been calculated, see e.g. Sholl [4]. It appears that the body-centered cubic 
lattice has the lowest energy, but it should be remarked here that the energy difference 
with other simple lattice structures is extremely small. 
Summarizing we can conclude that the ground state of the classical jellium model is 
a b.c.с -lattice for all electron densities. 
3. Hartree-Fock ground state of the quantummechanical low-
density jellium model 
The Hamiltonian of the quantummcchanical version of the jellium model (2.5) reads in 
the formalism of second quantization 
h2k2 1 / 
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where the fermion operators c t and c^_ create and annihilate respectively an electron in 
a plane wave state labeled by the wave vector к and spin σ. The prime in the summation 
indicates that the q — 0 term is excluded because of the presence of the homogeneous 
positively charged background. 
Consider a system consisting of 2N electrons, where the number 2N has been chosen 
for convenience. The ground state of the jellium model can be expressed as 
Ι
φ ) = Σ Ι<12η...ά3τ2ΝΡ(τλ,σλ;...;τ2Ν,σ2Ν)ψ+λ{τίί)...φ+ίΝ{τ2Ν)\) , 
< 7 l , . . . , f f 2 N 
(3.2) 
where |) denotes the vacuum state and Ψσ(τ ) is the usual field operator creating a fermion 
with spin σ at the position r , 
^(»•) = ^ | E e x p ( - ' ' * - ' ) c f c < T · (3·3) 
The function F is determined by the requirement that it must minimize the energy of the 
system, i.e. the expression 
£ , = (Ф|Я|Ф). (3.4) 
It should be remarked here that F is not the Schrodinger representation of the ground 
state of the system. That wave function is obtained by constructing the antisymmetrized 
form of the original function F. The quantity | F | 2 plays a similar role as the classical 
distribution function Ф. 
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In practice the exact calculation of the ground state energy is still an insurmountable 
problem. Therefore, one has to resort to approximation methods. Here we have chosen 
the variational method because of her elegant and insight providing character. In this 







\...;τ2Ν,σ2Ν) = 0 J J / „ ( r n , a n ) , (3.5) 
n = l 
where the function ƒ„ represents a normalized one-particle wave function, and С is the 
normalization constant for |Ф). Next we recall that the ground state of the classical 
system is a b.c.c.-lattice. Such a structure can also be expected in the quantummechanical 
analogue provided that the one-particle wave functions are localized but such that their 
attendant kinetic energies are small. That requirement can only be fulfilled for an electron 
system of sufficiently low density. Therefore we restrict ourselves to the low-density jellium 
model. The translational invariance of the supposed lattice structure implies 
/n(r„, σ
η
) = Д г „ - Л,,) 6
σηΤη
 , (3.6) 
with Rj, being a lattice vector and τ
η
 the spin of the particle localized at Rn. Substitution 
of (3.5) into (3.2) and making use of (3.6) gives us the following HF trial state as an 
approximation of the ground state of the low-density jellium model: 
№WF) = c41(Ä1) . . .d+J V(JM|) , (3-7) 
where the operator άγ {Rn) describes the creation of an electron with spin r
n
 in the wave 
function ƒ localized around the lattice point R
n
: 
d+n(Än) = / d 3 r V + n ( r ) / ( r - Ä n ) . (3.8) 
Representing the wave function as the Fourier integral 
/ ( 0 = ( ^ / < i 3 A : / " ( f c ) e X p ( î f c ' r ) ( 3 · 9 ) 
with 
№) = Щ1Г2/а3г/(т)ехр(-1к.т) (ЗЛО) 
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the creation operator (3.8) can be expressed as 
4
я
(л») = ( 2 π Γ
Α 
Ω 




It follows immediately from (3.8) that the newly defined creation and annihilation ope­












)} = 0ì (3.12) 
where 
S(Rm-Rn) = Jd3rf*(T-Rm)f(T-Rn). (3.13) 
The quantity S(Rm — Rn) is the overlap of two wave functions centered around Rm and 
Rn respectively. 
In a first approximation the overlap between the distinct wave functions can be ne-
glected. Then the energy appears to be independent of the spin configuration as shown 
in Appendix I. The resulting energy, which is a functional of the wave function ƒ, is just 
the Hartree energy 
EH(f) = 2NJ d3k ^  ƒ(*)ƒ*(*) + \ Σ ' Σ пч ) expk · (Я
п
 - Л»)] , (3.14) 
Ç тфп 
where 
v{q) = v{q)[jd3kî{k +
 q)f*{k)1\ . (3.15) 
N.B. It should be stressed here that the expression for the Hartree energy still contains 
terms of the order of the overlap. These terms do not originate from the presence of 
S{Rm — Rn) in the anticommutation relations (3.12) but are due to the form of V(q ) 
given by (3.15). Clearly V{q ) is not the Fourier transform of the Coulomb potential but 
of some smeared-out potential that depends on the wave function ƒ itself. 
The explicit form of the wave function ƒ follows from the condition that ƒ must 










e x p ( - - ) (3.16) 
32πΝ m¿ ' ( З Л 7 ) 
provided that all terms of the order of the overlap are neglected. The attendant Hartree 
energy is 
E$> = Eç,
 + 2N*agït (3.18) 
where Eci denotes the energy of the classical electron lattice. We like to remark here that 
Efj is not the energy obtained by substituting (3.16) into (3.14), the difference being of 
the order of the overlap. 
In order to compare our results with existing ones we use the Bohr unit OQ = г as 
the unit of length and the Rydberg, which equals ту—, as the unit of energy. Further we 
express the electron density ρ in terms of the dimcnsionless parameter r, according to: 
Then the following expressions are obtained for α and Ej/ respectively: 
° = ^ < i , (3.20) 
#-«(-£ + £). (3-2.) 
where A is the Madelung constant of the classical electron lattice. 
The overlap (3.13) can be easily calculated for a wave function of the form (3.16) and 
appears to be 
SiRnn) = exp ( - ^ ь j = exp ( - ì Î&S.'2) (3.22) 






п is a dimcnsionless measure for 
the distance between the lattice positions Rm and R
n
. The quantity R
mn
 is of the order 
of one or larger as the lattice distance is of the order of r^ao. Consequently the overlap is 




Our results (3.20) and (3.21) arc exactly equal to those of Wigner, i.e. the Wigner 
treatment is equivalent to an approximate Ilartree-Fock calculation based on localized 
one-electron wave functions. The approximation consists of neglecting the mutual overlap 
(3.22) of the wave functions in the anticommutation relations (3.12) plus all terms in the 
resulting Hartree energy, which are of the same order as the overlap. 
The difference between the Ilartree-Fock energy and the Hartree energy is known as 
the exchange energy and depends on the spin configuration of the underlying lattice. 
In the following we discuss the Hartree-Fock energy up to order 5(i2mn)2 for both the 
ferromagnetic and the antiferromagnetic spin configuration. The overlap terms of order 
S(Rmn)i are two-particle exchange terms. These terms have also been discussed by Carr 
[5]. Higher order corrections to the Wigner energy (3.21) are not considered here because 
of the complexity of the calculations. 
As shown in Appendix II the wave function, that minimizes the Hartree-Fock energy 
EHF up to order S(Rmn)2, is given by (3.16) plus correction terms of order 5 ( ß m r l ) 2 . 
The effect of these last terms on EHF, however, is of order S(Rmn)'i and can therefore 
be neglected. Thus Efjp can be calculated exactly up to order 5 ( ß m n ) 2 , using the wave 
function (3.16) with the Wigner a (3.17). The effect of the overlap on the wave function 
itself is extremely difficult to calculate even up to order S ( i i m n ) 2 . However, that effect 
can be estimated by choosing the wave function (3.16) as a trial function with variational 
parameter α and subsequently minimizing the expression for the Hartree-Fock energy up 
to order Si-Rmn)2 with respect to a. The difference between the resulting value of a 
and the Wigner value (3.17) is then a measure for the influence of exchange on the wave 
function. 
Up to order S(J ïm„) 2 the Hartree-Fock energy consists of two terms. The first term is 
obtained by substituting (3.16) into (3.14) and performing the lattice sum. It is the total 
Hartree energy, including all terms of order S(Rmn)2. The second term is the two-particle 
exchange energy АЕнр. The calculation of this energy is given in Appendix I. Thus the 
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Hartree-Fock energy can be expressed as 
EHF = 2N 
3ft2 1 
vhere 




 Kn¿0 2 я 
ine 
+ ΔΕnF , 
(Я ) = jfT exp {-aq ) 
(3.23) 
(3.24) 
and the summation over K
n
 (η = 1,2, . . . , 2 І ) runs over the reciprocal lattice vectors. 
The contribution AEHF depends on the spin configuration of the Wigner lattice. Here we 
consider both the purely ferromagnetic configuration and an antifcrromagnetic configu­
ration consisting of two interpenetrating sublattices having an oppositely directed purely 
ferromagnetic spin configuration. 
The ferromagnetic two-particle exchange energy is given in expression (1.24) of Ap­
pendix I. After performing a simple lattice summation we find 
AEÍ HF 2N Σ e~R2j4a 
Rn¿0 
2 p 2 
Я: 
32ma 2 
^ + 2 Л Г Σ V ( Ä - n ) [ l - c - 2 — ъіКп · -Rnl 
КпфЪ 
+ Е , ^ ( 9 ) [ 2 е " , " « - Л - - | - | е 1 ' « - Н - ] (3.25) 
where the summation over R
n
 (n = 1,2,..., 2N) runs over the sites of the Wigner lattice, 
whose reciprocal lattice vectors are denoted by ΑΓ
η
. The antiferromagnctic contribution, 
which is given in (1.25) is found to read, after performing a simple lattice summation 
ASAF 32ma 2 = 2N Σ e-
Rll^ln2Rl 
Rn^O 
+ Ν Σ V(K
n
)[l + eiK^6][l . g-il'Ä"«· Я , ! 
(3.26) 




 (n = 1,2, ...,7V) now run over the sites of 
the ferromagnetic sublattice and its reciprocal lattice vectors respectively. The vector 6 
describes the position of both sublattices with respect to each other. 
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For an explicit calculation of the quantities given by (3.23), (3.25) and (3.26) we use 
the Ewald summation method and replace the Riemann sum over q by an integration. 
Then we obtain the following expression for the Hartree-Fock energy (see Appendix HI): 
EHF 2N 






 » &, ч 
2
 Д ^ О ^ 2^> 
erfc fâj1 
24/^9 
+ AEHF , (3.27) 
where /î is the Ewald parameter and erfc(:r) is the complement of the error function 
erf(:r). The ferromagnetic and antifcrromagnetic two-particle exchange contributions are 
respectively given by 
ΑΕ{
ΙΡ










 \ 8πΝβ2 „ 
+ e2 Σ 
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Rm — o -Rn I 
erfc 
К
2 [ l - e _ 2 — r ¿ΑΓπ · Ani 
S—J-^H 2V? j. 
е г









+ e2 Σ 




_ _ ^ e r f f - ^ ì + ^ e r f f ^ ì 
2Rn \2^) т /г» V4^/ 
^ 1 Ω ^ 












 • о ^ 
е
~ 2 ІКп ' -"ni 
¡R^+a-ÍR^ 
e r f c ι ' - " • -^»"•"
ι
 1 - erfc Ι ' ^ 4 " 0 " 2 * * " 1 
2V/S 2 ^ 
|Äm + a | -(^)--(^)] (3.29) 
It should be remarked here that EHF does not depend on β. The sole reason for in­
troducing this parameter is to achieve a rapid convergence of the appearing sums over 
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the reciprocal lattice vectors. Next wc introduce the dimensionless quantities δ = -^¡, 




 and 6 = ^ o . Then the Hartree-Fock energy can 
be expressed in Rydberg units reading 
EHF = 2N 
г, 45 r3, r
s
 - Л ; R1i
eTC\2y/a) 
Rn¿0 
where the Madelung constant A is given by 
+ AEHF (3.30) 
1
 =








г = 2N ^ e - ^ r » / 4 ¿ /e»·; 




 \AVaJ Rnrí \2y/àJ 
+ 1
 Σ
 ^ е - ^ - е Ч ^ - Д п ] 
»·> —-^ A'2 
— V 1 c r f c , .д^- і^гЛ _ e r f c ^ д ^ - ^ д » 
2v/^ 
+ - E - i erfc 
2\β 
— erfc 
U N / S ; 
(3.32) 
and 





= + 16Q 2 У/™ Л, 







 ι J 
+ г Σ τ ^ -
1 
г




erfc ι І ^ І А і і И ^ _
 e r f c f Ій™ + a - ід,, 
2V^  
+ Γ Σ e r i c l^ iHl ì - e r f c^^ 
2> / | 
η + â | r , \ 
2ч/5 J (3.33) 
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The quantities given by (3.30), (3.31), (3.32) and (3.33) must be calculated numeri­
cally. In order to check our computer program we recalculated the Madelung constants 
of four simple lattice structures. Our results are exactly those of Sholl [4] and are repro­
duced in Table I for convenience' sake. It should be mentioned here that the expression 
(3.31) cannot be used for the calculation of the Madelung constant of the hep-lattice, as 
the attendant unit cell contains two electrons. Instead one has to start from expression 
(3.14) with JV electrons at the lattice sites Rn of the unit cells and N electrons at the 
positions it,, + 6, where S denotes the position of the electron inside the unit cell. 
The exact value of EHF up to order S(R
mn
)2 was obtained by substituting the Wigner 
value α = ^ r ^ 2 into (3.30), (3.32) and (3.33). As is usual we took as a measure for the 
stability of the lattice the energy difference between the Hartree-Fock energy EHF oí the 
Wigner lattice and the Hartree-Fock energy Eo of the free electron gas. The energy EQ in 
Rydbergs is given by [6] 
Ε
ο
 = 2Ν{^--0-ψ). (3.34) 
In fig. 1 this energy difference per electron, ε = —¡-ζ (EHF — E0), is shown for all simple 
ferromagnetic and antifcrromagnetic lattice structures. 
In order to demonstrate the influence of the two-particle exchange contributions on 
the width of the one-particle wave function the value of the variational parameter δ was 
obtained numerically by minimizing EHF with respect to α using an iteration procedure 
that starts from the Wigner value. In fig. 2 the resulting й is shown as a function of r
s
 for a 
ferromagnetic b.c.c.-lattice. Here the Γ,-dependence of the Wigner δ is represented as well. 
It appears that the other ferromagnetic and antiferromagnetic lattices give practically the 
same rvdependence of a. 
Summarizing, the results of the present Hartree-Fock calculations are as follows: 
(1) In contrast with the classical electron system the ground state of the quantum-
mechanical system is a Wigner lattice only at low densities. In the case of a b.c.c.-lattice 
we find that e = 0 at r
s
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10 15 20 
Fig. 1: Energy difference per electron, e, between the Hartree-Fock energy of the Wigner 
lattice and that of the free electron gas plotted as a function of r, for the simple 
ferromagnetic ( F ) and antiferromagnetic ( J 4 F ) lattice structures. 
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Fig. 2: Square of the width of the one-particle wave function, a, given as a function of 
r , in units of the Wigner value Qo = 5 r ^ a j for the ferromagnetic b.c.c.-lattice. 
17 
(2) The two-particle exchange contributions remove the degeneracy of the ground 
state with respect to all possible spin configurations of the lattice. The antiferromagnetic 
structure is stable compared with the ferromagnetic structure in the range 5 ~ ra ~ 14, the 
ferromagnetic structure has the lowest energy at lower densities, r , > 14. In that region, 
however, the energy difference between both structures is extremely small. Consequently a 
small inaccuracy in the calculation of the two-particle exchange contributions can produce 
a large error in the critical value of r , where both lattices have equal energy. As is shown 
in Appendix IV this accounts for the discrepancy between our critical value r, = 14 and 
Carr's result r s = 270 [5]. 
(3) The exchange influences the width of the localized one-electron wave functions. It 
appears that the width increases with respect to the Wigner value, i.e. the wave packets 
become less localized. 
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4. Correlation in the Wigner lattice 
The effect of correlation on the HF ground state energy has been discussed by Carr [5]. 
He replaced the original Wigner lattice of uncoupled oscillators by a lattice of coupled 
oscillators. The semi-classical nature of his approach, however, raises some epistemological 
questions. In order to discuss these questions properly we first summarize Carr's approach. 
By analogy with Born's lattice theory [7] Carr expanded the electron-electron inter-
action around the equilibrium positions R, of the electrons. These positions are thought 
to form a lattice. The expansion in terms of the displacements r , — R, gives rise to the 
following Hamiltonian for the electron system: 
H = Ecl+Y,ë- + \i:(^-K)M(R,J)(r]-RJ) + ..., (4.1) 
where Eci denotes the Madelung energy of the classical electron lattice. The elements 
•М(Д1;)^„, with μ, и = x, у, ζ, of the second rank tensor M ( Ä 1 J ) are given by 
d2 ( e2 \ 
вттУ е
2 
M(0U = - g j p ^ - (4-2) 
Neglecting the anharmonic terms in the expansion (4.1) the remaining problem was solved 
in the familiar way by introducing the normal coordinates 
якх = ^ Е ^ - ^ И г . - я , ) , 
Pkx = -¿E^-^fcA-p., (4-3) 
with 2./V denoting the number of electrons and к and λ being the wave vector and polar­
ization index (λ = 1,2,3) of the vibrational eigenmodes, respectively. The polarization 
vectors е^д are determined by the eigenvalue equation 
Σ e
lk
 • ^M{Rt])ekX = 7^4д ekx , (4.4) 
where и>£д is the frequency of an eigenmode. Next the quantum nature of the system 








ajfeA = 12Ътшк\1~У21тшк\Як\+1Р-к\} 
the following Hamiltonian resulted for the low density electron system: 
He = Εα + Σ ПшкХ 9 + akXak\ • 
kX l¿ J 
After calculating the eigenfrequencies from (4.4) and performing the sum over к and A by 
using a numerical integration procedure Carr arrived at a ground state energy in Rydberg 
units given by 
#.w{dL + ™).#-W™, ,4. 4 
where E¡j is the Wigner ground state energy (3.21). 
The ground state l^harm) that belongs to the energy (4.7), is found by the requirement 
afcAlVha™) = 0 , (4.8) 
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where the functions ƒ and и 1 ; are given by, respectively, 
-ІІ/2ЛГ 




"*(*»',) = e¡ Σ í ^ i e¿* · Я·,[(г, - ß.) ·
 ejfcA] [e_fcA · (г, - Я,)] 2N^\ 2h J 
(4.10) 
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Clearly ^ ь а п п ^ ъ · · · ,T2N) is not antisymmetric in the coordinates of the electrons, i.e. 
this wave function cannot describe the ground state of the low density electron system as 
the effect of exchange is excluded. In order to estimate a posteriori the magnitude of this 
neglected contribution to the ground state energy Carr calculated, starting from a basis 
set of Slater determinants of harmonic oscillator wave functions, the matrix elements of 
the total Hamiltonian. It appeared that the exchange terms fell off like exp(—Cr]/ 2), 
where С is some constant. Therefore he concluded that the expansion of the Hamiltonian 
(4.1) leads to exact results provided that all these exponential terms can be neglected. 
Then the expression (4.7) for the ground state energy of the low density electron system 
is exact up to order rj3^2. 
In our opinion Carr's result (4.7) for the ground state energy is correct, but his ap­
proach raises the following epistemologica! questions. 
(1) The Hamiltonian, which is obtained after breaking off the expansion (4.1), is no longer 
invariant under the permutation of the coordinates of the electrons. This means that the 
electrons are conceived as distinguishable particles, i.e. Carr's approach violates an im­
portant quantummechanical principle. The resulting system of distinguishable electrons 
vibrating around their equilibrium positions is then considered as a quantum system and 
dealt with accordingly. The question is now whether it is possible to derive Carr's result 
in a fully quantummechanical way, i.e. without violating the permutation symmetry. 
(2) Carr describes the electrons in terms of boson operators known as phonons. The in­
troduction of the phonon concept, however, is only a mathematical convenience. Conse­
quently a well-defined relation between the boson operators (4.5) and the original fcrmion 
operators describing the creation and annihilation of electrons must exist. What is the 
form of that relation? 
(3) The scmiclassical approach of Carr does not lead to an antisymmetric ground stale 
wave function with the energy as given in (4.7). According to Carr that wave function 
can in principle be calculated a posteriori by diagonalizing the Hamiltonian matrix that 
is obtained from the complete set of Slater determinants of harmonic oscillator wave func-
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lions, which are the solutions of (4.6). However Carr does not give an algorithm needed to 
actually perform this calculation. It seems plausible that the antisymmetric wave function 
based upon (4.9), i.e. 
Ivi™) = ƒ d3^ • • • d3r2N Vi»™(ri,.. -, r2„) tf + ( n ) . . . ΦΪ2Ν{ν2Ν)\) , (4.11) 
might possibly lead to the required energy (4.7), provided that all exponential terms 
appearing in the energy expression are neglected. It should be remarked, however, that 
such a suggestion is still unfounded. Obviously a fully quantummechanical approach leads 
in principle directly to an antisymmetric ground state wave function. The question is then 
how to obtain that wave function. 
A possible way to answer the posed questions is to use the variational method start­
ing with an Ansatz of the form (4.11) for the wave function. That would be a logical 
continuation of the approach discussed in section 3. Unfortunately, such an Ansatz is too 
complicated in the present case. In fact any variational calculation, that is based upon an 
Ansatz for a many-electron wave function unlike the Hartree-Fock type, is extremely diffi­
cult. Therefore another method must be looked for, that should preferably reproduce the 
original Wigner result EIS well. Here we introduce a fully quantummechanical approach, 
which is partly based on work by Brenig [8], Fredkin and Werthamer [9] and Pietrass [10]. 
The starting point of the present approach is to represent the eigenstates of the low 
density electron system as linear combinations of Slater determinants of one-electron 
states. Such a decomposition is always possible provided that these one-electron states 
form a complete set. In view of the results already obtained in section 3 the set of 
eigenstates of the harmonic oscillator is an obvious choice. The important consequence of 
this choice is that the decompositions of the system's ground state and low lying excited 
states involve only a limited number of important terms, namely those terms that contain 
the ground state and the low lying states of the harmonic oscillator. In terms of the 
Cartesian coordinates x,y,z the harmonic oscillator eigenfunctions are given by 
fj(T ) = Π [ v / 2 ^ 2 J Í (j • ξ)\}-φ exp ¡~{Г ' * ) 2 Ί 
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4α "А Ы) · (4Л2) 
where ζ runs over the basis vectors, ¿ , y and z of a given Cartesian coordinate system, 
j = (jx,jy,jz), J • ¿ = 0 ,1 ,2 , . . . , and H г is the Hermite polynomial of order j · Ç. 
The width a1^2 of the functions fj is still arbitrary. In terms of the given one-electron 
functions the eigenstates |V>n) of a low density electron system consisting of 2N electrons 
can be expressed as (cf. (3.7)) 
\Ψη)= Σ ^ Α Η ^ ι σ , ί Α ι ) - ^ ^ ^ ^ ! ) ' (4·13) 
JIIJÎI · · • ìJìN 
<Гі,<Г2, . . . ,<T2N 
where the operator dt
 σ
 (i l,) describes the creation of an electron with spin σ,· in the 
harmonic oscillator eigenfunction fj localized around lattice site R,: 






with f j being the Fourier transform of fj , i.e. 
ÄW = i2^rJd3rf^)e~lk'r 
ê 
e x p [ - u ( f c . 0 2 ] H ^ ( f c - ¿ v ^ ) . 
(4.15) 
The proposed decomposition (4.13) has the great merit of showing that the exchange 
contribution to the energy of the ground state and the low lying excited states of the low 
density electron system can be neglected in a first approximation. That can be concluded 
directly from the following two considerations. First of all the coefficients A , 1 ' j Vf (η) 
tend rapidly to zero with increasing | j i | , . . . , \J2N\ for the ground state and the low lying 
excited states. Secondly the overlap between one-electron functions, that are centered 
around different lattice positions is quite small for small I J J . This follows immediately 
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from the expression for the overlap 
% , л ( я и ) = jd3rfj1(r - Ri)fj2(T - R2) 
= exp 
- # 1 2 
8a Π \2V2¿) J A \ 4a J
 ζ Ь^Чъ-Ы. 
(4.16) 
(7 —7 l ' í * * . 
where L J>.J< s denotes a Laguerre polynomial with j > • ζ and j < • ζ being the larger 
and the smaller of the two numbers {j, · £, J2 -ξ), respectively. Clearly Sj^^Rw) is very 
small at low densities, provided that both the width a 1 / 2 of the one-electron functions is 
small compared with the nearest neighbour distance and the exponential factor dominates 
(4.16), i.e. IJJI and IJ2I should not become too large. 
In the following we pay attention to the properties of the low density electron system at 
low temperatures, i.e. we arc only interested in the ground state and the low-lying excited 
states. Our conclusion that the influence of the exchange energy on the low temperature 
properties can be neglected in a first approximation can be expressed mathematically by 
putting 
{dj^^R-ii'dj^iRi)} = Sj^iR^Sa-^j = 53\32èRiRìè<TitT2 • (4 ·1 7) 
The crucial step in our approach is to use the decomposition (4.13) in order to find 





) , (4.18) 
where E
n
 is the approximate energy of the low lying eigenstate |0
n
) as given in (4.13), 
i.e. the exchange contribution to the energy spectrum is neglected. The reason for the 
formulation of an effective Hamiltonian is to analyze the dynamics of the system without 
taking into account the effect of exchange. In order to construct #
e
f f we first rewrite H, 
as given in (3.1), in terms of the fermion operators (4.14). For that purpose we use the 
following relation between plane wave functions and oscillator eigenfunctions: 




where α denotes the position around which the function fj is localized. This relation 
follows directly from the completeness of the set of harmonic oscillator eigenfunctions, i.e. 
J 
The required relation between the different sets of fermion operators then reads 








N.B. The vector α can be arbitrarily chosen. This freedom is essential for obtaining the 
effective Hamiltonian. 
Substitution of (4.21) into {3.1) while taking into account the arbitrariness of α gives 
rise to the following possible representation of H: 
3ΐ32'σ 







_ „ / 47re2 
ЗъЭлЗьЗъ ~ І£ ςίςΐ е 
^ Л
2
 = \ а Ч ^ ¿h '(αΐ " α 2 ) U(*)/Ji(*) - (4·23) 
iq • (α6 - as) 
ƒ d3M3*' fj3(k)fj4(k')f;5(k' + q )f*e(k -q)eik- (аз " «e) e¿fc'(a4-a5) 
(4.24) 
Clearly different sets of vectors at, i = 1, 2 , . . . ,6 , correspond with different representa-
tions of the same Hamiltonian H, i.e. the eigenfunctions and eigenvalues of Η do not 
depend on the choice of o< or, to put it differently, the translational symmetry of Η is not 
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broken. The reason for introducing the representation (4.22) becomes clear when consi­
dering Η\φ
η
). Using the decomposition (4.13) and the procedure as given in Appendix I 
(cf. 1.4) we get 
' 2N 
НШ = Σ ¿J; #ƒ(»){ Σ (-1Г-
Jli · · · l JlN 
Π ^ т ( Л - ) H,dlfft(R,)}\) 
σι,..., σικ 
2N 2N 
+ Σ Σ (-i)-'+J+1 
,= Ι
 ; =ι+1 
Π à^aJR^) {[/Λ^,σ,ίΑ.)],^/^)}!)}· 
(4.25) 
The appearing commutators are calculated by using suitably chosen representations of 
H, i.e. we choose a different set a¿, ί = 1,2,..., 6, for each commutator. Calling this set 










/Η,)}|)= Σ лч 
* З
г 4 г 5 г 6 
x 5 J i t 6 ( f í , - < ) 5 ^ г 5 ( Я , - e i ) 4 3 < T i ( a ¿ ) d + ^ ( ο ί ) | ) (4.26) 
A further simplification of (4.26) is obtained by the special choice a j = a^ = a^ = a¿ = i l , 
and O4 = a j = Rj. Then the overlap integrals in (4.26) are equal to one. Now the 
effective Hamiltonian can be formulated. For the resulting exact expression for Η\φ
η
), 
given by (4.25) and (4.26), can also be obtained by replacing H by the following effective 
Hamiltonian Н
е
к, provided that the overlap terms are neglected: 
"eff = Σ Tj^d^^dj^R,) 
*JlJ2·* 




м = /dS*^Ä»W/».(*) 
¿ e {χ,ν,ζ} Ama 
*J,J2(J1 · « + ö) - ô ¿ , , W ( j 2 - Î + l ) ( j 2 - € + 2) 2 ' 2 ^ , ^ + 2 ^ 
^W2¿^-¿ + 1 ) ( j-¿ + 2) (4.28) 
f 4 π ε 2 
Tv ' W · ^  ƒ d





(± » І V^g - ο^-£<>·ί / А т ^ ^ (а(, · ζ)2)-
(4.30) 
The Hamiltonian (4.27) does not take into account the effect of exchange on the dynamics 
of the electrons. Note that the original translation symmetry is broken in #
e
f j . 
Next H œ is expressed in terms of the following electron-hole operators. 
D3iJ2 = Σ 4 1 а ( Я . ) ^ 2 < т ( Л . ) - (4.31) 
σ 
Substituting (4.31) into (4.27) we obtain 
"οίτ = Σ Σ ^ Λ ^
Λ
 + ^ Σ Σ Ι & Λ Ι , ^ ^ Μ . · (4·32) 
• JiJì **} ЗзЗЛьЗб 
The operators Dj j satisfy the commutation relations 
[ЯЛЛ· ^ w J = *·> КзіЦ^ - 63г3<»ы2] • (4-33) 
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Considering only the low lying eigenstates \ψ
η
) and neglecting the overlap we can also use 
the following effective properties 
3 
and 
^ Л ^ Л = « Л Л ^ Л Л · ( 4 · 3 5 ) 
Wigner's result follows directly by choosing the ground state \фо) equal to | Ф Я Р ) as 
given in (3.7). Then the ground state energy is approximated by 




 1 „ „ / 4πε 2 
2^ # - + 1 Σ Σ ' S e " a 9 2 - р ^ · *·>] · (4·36) 
•Λ 9 8 т а 2 ¿ a ^Ч
2 
(Rv Minimizing E0 with respect to α and neglecting all terms containing erfc ( — j= I leads W W 
to Wigner's ground state energy. 
In order to take into account the electron-electron correlation we substitute first 
i f ^ W f Ö - l - E i - i r f *>.·* )Щ>^ (4.3T) 
into the matrix elements Vj* j * . As shown in appendix V that leads to the following 
expression for the interaction operator V of an electron lattice with cubic symmetry: 
+ J Q A [ΙΪ · (S, - S,)]3 + 1 Û2 [¿g · (5, - S,)]4} , (4.38) 
where terms containing q", η > 4, are neglected and the operators S, are given by 
5 , = Σ ί 5 ΐ (4.39) 
with 




jj can be treated exactly up to order (S, — S,)2. In that case the relevant 
interaction operator reads 
V = Ec+l ΣΕ'*14' R" £ ί e-aq2 Σ «(4-k)(4-V) 
4
 ІЛ 
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+ Σ e - ß ,
2 / 4 a 
12ау^га 
(4.43) 
where use is made of the cubic symmetry of the lattice in the last calculation. Neglect­
ing the terms in (4.42) and (4.43) of the order of the overlap, i.e. terms containing 




where the elements of the second rank tensor M(R,j) are given by 
, for г φ j M^iR,) = e' ^ А Г ^ (*,•*)<**•*) 
(4.45) 
"цт -ЧРъ-
These tensor elements are identical to the elements M(RtJ)lil,, with μ, ν — χ, y, ζ, as given 
by (4.2). 
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The kinetic energy term Τ reads according to (4.28) and (4.32): 
τ = —ΣΣΣ 
4ma V - ι Í J 
(ï+j-t)Ojj-\y/<j-t+M-k+mvm,9i + iy^im) 'JJ- 2 
Introducing the operators 
η = Σ ν ^ · ί + 1[β' i-D' i ], 
we obtain using (4.35): 
T = · - — У" Pi P i 




Thus # cf j can be expressed as the following bilinear form: 
я-т = ~ Σ n n + ^' + \aΣ Σ ^.(j^jsiíi. 'elf 8ma *-i ξ ξ (4.49) 
In order to determine the eigenvalues of H
e
a we make use of the commutator 
which holds because of (4.33) and (4.34). Then //
e
(j· can be diagonalized analogous to 
Carr's procedure. Introducing 
A _ ^ . -¿ is · Ä . , skX E'-^-^'-kx-èsi, 2N 
- 1 V" .¿fc л . 
(4.51) 




 ^ ' - iL Σ ΡΛΑΡ-Λλ + ο α Σ ^fcA5-fcA^A - (4-52) 
ö m u
 fcA ¿ кХ 
where ε^χ and о^^д are given by the eigenvalue equation (4.4). The operators Ξ^χ and 
Ρ^χ satisfy 
[SkX'Sexi = [pkx>rk'x'i = 0> 
IPkX'Sk'x·] = ^ЕшзэЛк~к')Кекх-е-к'х' = ^кк'6хх·-
(4.53) 
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The effective Hamiltonian (4.52) can be rewritten in terms of the boson operators 
(4-54) 
А





that satisfy the commutation relations 
Η*λΜ*·Α·] = И Ь ' ^ ' Л ' ] = 0 ' (4.55) 
[дікЛ'4'Л'] = 6kk,S\\'-
Then the effective Hamiltonian is 
tfefF = Εα + Σ ^кХ è + 4\Ak\ì • (^) 
кХ 
The corresponding internal energy is given by 
E = Ed + Σ 1 
^ [2 exp(/?W f c A) - 1 HfcA . (
4
·
5 7 ) 
where β = ττψ with кв and Γ denoting the Boltzmann constant and temperature, 
respectively. 
As to the internal energy (4.57) the following remarks should be made. First of all it 
only holds provided that exchange terms can be neglected. Such an approximation is only 
valid for the low density electron system at low temperatures. For the statistical weight 
of the higher excited states \φ
η
) increases with temperature, meaning that even at low 
density the overlap is not negligible at higher temperatures. The ground state energy is 
exact up to order r~3/2. The terms of order (S, — S})n, η > 2, which were also neglected, 
can be dealt with as a perturbation and give rise to terms of the order of rj2, г~ъІ2, τ ·" 3 , . . . 
in the ground state energy (see Appendix V). 
Carr's approach and ours become mathematically identical when identifying r,· — Д,· 
with y/aS, and a^i with A^i. That identity does not only hold for Carr's harmonic 
term and our (S, — Sj)2 term but also for his anharmonic terms and our corresponding 
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(S, — S j ) " terms. Consequently the energy terms of order r~2, r j 5 ' 2 , r j 3 , . . . can be 
calculated according to the theory of anharmonic lattices [11],[12],[13]. 
Finally we discuss the already mentioned epistomological questions arising from the 
semiclassical nature of Carr's approach. 
(1) Carr's results can be obtained indeed in a fully quantummechanical way. Although 
the terms of our cifective Hamiltonian and the corresponding ones of Carr's expansion 
can be treated in a mathematically identical way, the present approach does not break 
the permutation symmetry. Therefore our effective Hamiltonian cannot result from Carr's 
expansion. 
(2) The low density electron system can indeed be effectively described up to order rj3^2 
in terms of a system of free bosons, provided that exchange is neglected. The appearing 
boson operators Ail are bilinear expressions of the original fermion operators as follows 
from (4.31), (4.40), (4.47), (4.51) and (4.54). 
(3) The ground state |^ >o) of the effective Hamiltonian (4.56) is obtained by requiring 
А
кх
\ф0) = 0 , (4.58) 
for all к and A. As shown in Appendix VI the requirement (4.58) gives rise to relations 
between the coefficients А*1' \ 2^ (0) of the decomposition (4.13) that completely deter­
mine |^o)· It should be remarked here that the correlated ground state |^o) still depends 
on a seemingly free parameter a. However, although the energy (4.57) does not depend 
on a, the choice of α is restricted by the requirement that overlap must be negligible for 
large г,. This means that the width a 1/ 2 of the harmonic oscillator wave functions must 
be small compared with the nearest neighbour distance. 
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5. The effect of a magnetic field on the Wigner lattice 
A detailed study of the properties of the three-dimensional low-density electron system in 
the presence of a magnetic field has never been published, as far as we know. The results 
as obtained by Fukuyama [14], [15] and Fukuyama and McClure [16] in their study of the 
two-dimensional case with the field perpendicular to the lattice plane cannot be simply 
generalized to three dimensions. For the macroscopic magnetic field is no longer the 
applied external field but an internal field, that must be determined selfconsistently. This 
is done as follows. First an Ansatz is chosen for the magnetic field. Next the response 
of the system to that field is calculated. Then the internal field is calculated by means 
of Maxwell's equations with the response as source term and compared with the Ansatz. 
In case of difference the procedure is repeated starting from the calculated field, until 
selfconsistency is obtained. 
In part A of this section we use the described procedure to show that the low-density 
jellium model allows a homogeneous internal field. Besides the effect of this field on the 
ground state energy of the Wigner lattice is calculated exactly up to order r j 3 / 2 . The 
strength of the internal field cannot be calculated as boundary conditions are absent here. 
This means that it is unclear whether a field can actually penetrate into the system. For 
that reason we pay, in part B, attention to the effect of boundary conditions by considering 
the response to an inhomogeneous field. It appears that the system does not show the 
Meissner-Ochsenfeld effect, i.e. the field docs penetrate the system. 
A. Homogeneous magnetic field 
In order to show that the jellium model allows a homogeneous magnetic field we take a 
constant internal field В = Bz as an Ansatz. The jellium model in the presence of such 
a field is described in terms of the Hamiltonian 
я = Σ (^Шг) 
σ •' 
•Mr) 2m Φσ(τ) 
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- PBßE[c i t cfct-c i ic*i l ( 5 Л ) 
where A is the vector potential defined by В = V χ A and μβ is the Bohr magneton -^^ 
¿mc 
The last term in (5.1) describes the interaction of the electron spins with the magnetic 
field. The vector potential is chosen according to the symmetric gauge: 
A(r) = ±Bxr = ±B[xy-yx]. (5.2) 
In order to calculate the energy spectrum and the low-lying eigenstates of the Hamil-
tonian (5.1) up to order r~3/2 the procedure of section 4 is followed. The underlying 
assumption is that a small magnetic field does not destroy the Wigner lattice, i.e. the 
effect of exchange on the energies of the low-lying eigenstates is negligible for low densi-
ties. The behaviour of the quantummechanical Wigner lattice is analogous to that of the 
classical lattice. Thus we can choose the positions of the lattice to be time-independent. 
It should be noted that the situation is quite different for an electric field. For each site 
R,, 1 = 1 , . . . ,27V, a complete set of one-electron functions that depend on the magnetic 
field В and the lattice site R, is chosen. These functions /^„ are localized at R, in such 
J •**'i 
a way that their mutual overlap can be neglected for small | j | . 
The eigenstates of (5.1) can be written as (cf. (4.13)) 
\Φη)= Σ 4,I-'AA'(5.n)díjIa1(Ai)---díj2Waw(A2W)|), (5.3) 
Jìi---ÌJÌN 
" Ί , · · · > σ2Ν 
where the fermion operators dßj
 σ








with /f Tj being the Fourier transform of ƒ;? ρ • 
Because the effect of exchange is neglected for low densities and low temperatures 
in a first approximation we can replace the original Hamiltonian (5.1) by the following 
effective Hamiltonian: 
+ ο Σ Σ ^Bj^JiJ^Bj^R^dBj^^^^JiciRAdBj^iR,) 
·*> ЗзЭлЗьЗбМ' 
- ΗΒΕΣΈ Uhh3%[dtj7,{R,) dBj8i(R>) - 4j7i(ß.) dBj8Í(R,)i , (5.5) 
• JTJS 
where 
-г V - — ( і у - ух) 
2 
¿ / Ä C - * ) · (5·6) 
Ъым = Σ ' ^  ^ ' ^ ƒ 3^^ 3^ '/¿Α,ί*)/¿л/*')%(*'+«)/;6flii,(*-<7) 
(5.7) 
and 
uB3^=Jd3kf;7RSkKBRSk)- ( 5 · 8 ) 
Clearly the low-lying states of Я
е
(г and their attendant energies do not depend on the 
choice of the functions f^rt as these functions are chosen to satisfy the following require­
ments: 
(1) They must form a complete set for each lattice site R,. 
(2) Their mutual overlap must be negligible for small \j |. 
As will be shown a very convenient choice is 
fjR,(r - Ä·) = exP [г'я· f § (У* - χν)] h (' - л . ) . (5·9) 
where /j is the harmonic oscillator eigenfunction (4.12). Then the Fourier transform is 
given by 
fj^) = î3{k-~[IU^B]), (5.10) 
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with fj being the Fourier transform (4.15) of the function (4.12). The functions (5.9) 
have the required properties as can easily be checked. 
(1) They form a complete set as follows from the completeness of the harmonic oscillator 
eigenfunctions. 
(2) The overlap between functions localized around different lattice sites Ri and ІІ2 is 
given by (cf. (4.16)) 
5|
іЛ
(Ли) = / ¿ V ¿ V - A > ) £ J I 2 ( ' - « » > 
exp 8α 2 ι 2С/І1 Π 
ξ. 
2 J > ^ ( J < - Ô ! 
Rn • ϊ + 2ia[Ri2 x Ве/2сД] · ¿ (J>-J<)¿ 
1/2 
χ
 ¡Ub-U) І / ( Д і 2 - 0 2 + 4 а 2 ( [ Д 1 2 х В е / 2 с / і ] - О П 1 ^ ( 5 Л 1 ) 
and can indeed be neglected at low densities for small I J , ! and [jjl-
Now the reason for our choice of the functions / f o is clear. For the matrix elements 
T'gj j do not depend on Л , due to the phase factor in (5.9). Further the factor does not 
appear in the matrix elements Vß** * * and Ugj j as well. Substitution of (5.9) and 




(г) * - e B _ -—(xy-yè) ¿^» 
Σ 4ma 






Λ + 2 ί ^ · €
 +
 ΐ ) ( Λ · € + 2) 
+ ¿/iflß Sjl+x,32+y \ / ( J i - i + 1 ) ( J î - y + 1 ) 
36 
- 632+x,3x+y \/bi • У +
 1)(32 • * + 1) 





^-¿ + 1)(j2-¿ + 2) 
+ 2 A A . , I + 2 ¿ ^ - « + 1 ^ - ¿ + 2) (5.12) 
^JaJdJsJe - ЗзЗМб 
UBhH = jd3kfj^)f38^) = hrJ.-
The matrix elements (5.13) are given by (4.29). 





B3\3i = Σ ^BJ^Í^MBJ^ÍIU) , (5.15) 
and the operators ^ д , defined by 
3 
the effective Hamiltonian can be rewritten as 
ЯеЯ = Σ 
ij 
¿-Σ[ϋ·ί + > ^ 
(5.16) 
- ^ ü - a + i ) ü - ¿ + 2 ) ( ^ J + 2 ¿ + ^ + 2 i J ) 
+ іцвВ >/ ( j -V+l ) ( j - ¿ + l)(Di Bj+y.j+x BJ+X,J+y' 
ma 




 + l )ü -b2) (^ j + 2 r ^ + 2 b ) 
+ \ Σ Σ Укм ^ВДЛ^ЛА - W« Ε [ΣΒ. Σί. - Eî. ΣΒ.] , 
Δ
 >*} ЗзЭіЗьЗъ 
(5.17) 
where use has been made of (5.12), (5.13), (5.14) and the relation: 
Σέ, Σ Β . = Σ <п(Л-)<*вл(Я.) · (5.18) 
3 
This relation holds provided that only low-lying eigenstates \ф^) are considered and over­
lap is neglected. In that rase we can also use 
{ Σ £ „ Σ Β , } = Σ Лед = i 
3 (5.19) 
DB3i32D'B333i = S3233DB3i34· 
Further the operators (5.15) and (5.16) satisfy the following commutation and anticom­
mutation relations: 
DB3iJ3>
DBJ33i\ = 8" [Вв3х3483і3э - DB3332S3i3* 
[ЯвЛЛ'Ев,] = 0, 
[Σ^,ΣΒ;] = 0 , ( ,^J) , 
{ΣΒ.,ΣΒ,} = о, 
Thus the operators D'Bj , satisfy the same relations as the operators Ό\ j , given by 
(4.31), i.e. the results of section 4 can be used directly as far as the interaction terms in 
ЯеЯ- are concerned. Next we rewrite the remaining terms using (5.19). Then the following 
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The second rank tensor M(R,]) is given by (4.45). 
In order to obtain the eigenvalues and eigenstates of the low-density electron system 
in a homogeneous magnetic field up to order r~3^2 all higher order terms represented by 
Vjy in (5.21) are neglected and the following tensor is introduced: 
MB(R,}) = M{Rt]), i Φ І -
MBk^) = v ^ ^ v ^ + v ™ 1 (5.24) 
8xNe> тп& \ 























·ΜΒ{ΐιΗ\ = ™Ιι>\4\ (5.26) 
the effective Hamiltonian can then be expressed as 
2 J V - £ 2 E Ì Ì E B , 
JbA 
Mflß 
5 + ЛвікАЛйЛА + Σ ' > Β Β · ( * | Α . χ « Ι λ ) Α ^ ν > 1 Β 4 λ 
A' 
(5.27) 
This Hamiltonian consists of two different parts. The first part describes a system of non-
interacting bosons, where the different polarizations A are mixed because of the magnetic 
field. The second part represents a system of uncoupled paulions according to (5.19) and 
(5.20). Both parts commute with each other as follows from (5.20). 
The boson part of Hamiltonian (5.27) is a bilinear form of the boson operators and 




'fc/i = Ση\μΑΒίίλ . 
Β







 δ\λ' · 
μ 
Substituting into (5.27) the inverse transformation 
μ г 
А
вкХ = Σ « Α ^ % . 
μ 





Яе* = Ее, + - Σ ^вкХ + Σ hEkß 4μ^μ - VBB[2N - 2 Σ Σέ, Σ*,] - (5.32) 2 ¿-> —ΒΚΛ ' ¿~ι •—κμ ^ μ 
kX kß 
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The appearing frequencies £ £ „ and the operators B^' are determined by the eigenvalue 
equation 
A 
where the hermitean matrix Ω is given by 
«AA' = -BfeA^AA' + г ^ • (eJkA' * efcA) • ( 5 · 3 4 ) 
The eigenvalues E¡^ are the solutions of the following third order algebraic equation: 
( £ * μ - ωΒ]ΐι)(ΕΙίμ - ωΒ^)(4μ " «ВЕз) = 
ω
ΐ23(ΕΙίμ - швкі) + w c31 (Як/i - ^вікг) + ω1\2^μ - швкз) . ( 5 · 3 5 ) 
with 
"cAA' = ^ - ( e J b A < * e f c A ) · (5.36) 
Thus the energy spectrum of the original Hamiltonian (5.1) is known up to order rj3/2, 
as follows from the expression (5.32) which is the sum of a free boson and an uncoupled 
paulion system. The corresponding eigenstates are given by 
Ю = Π т Ц W * ' 1 Π (Σέ,Γ' \Φο) , (5.37) 
where η ^ „ and η, are boson and fermion occupation numbers, respectively, i.e. п ь „ = 





В} = Я Ь / Ю = 0 (5.38) 
for all i, к and μ. As expected all spins are directed along the magnetic field in the ground 
state. 








Finally we have to show that a homogeneous field in the jellium model can exist 
according to Maxwell's equations. This means that the response of the system to the 
supposed homogeneous field, i.e. the current density, must be calculated. The current 
density operator j ( r ) , which is defined by the equation of continuity, is for the present 
system 
J( ' ) = E - ^ №(т)*Фа{т) - (Vifr+(r)),Mr)] - — А(т)ф+{т)Мт) ¿m тпс , (5.40) 
where Α{τ) is given by (ó.2). Analogous to the Hamilton operator the current density 
operator can be replaced as well by an effective operator having the same eigenvalue spec-
trum as J{T) provided that overlap is neglected. This effective current density operator 
is given by 
J,ff(O = E Σ W ) ^ ^ , (5.41) 
• J1J2 
where 
&*('> = -^[ /А ( '- л ' ) ^д^-л')--5л.(г-л') ^ '-л')' 
Substituting (5.9) into (5.42) we obtain 
'W') = : ^[/;
і
( '--л.) ы»--л.)-Ыг-л 1 ) /;і(г-л,)] 
" ¿A(r) - Ä(RJK(r - ЪШ* - Ъ) . (5.43) 
It should be remarked that the current density operator as given by (5.41) and (5.43) can 
be interpreted in terms of electrons moving around lattice sites. Hopping does not appear 
because overlap is neglected. 
The full translational symmetry of the original Hamiltonian (5.1) implies that the 
current density j must be homogeneous as well. That quantity is obtained in the usual 
way by averaging the symmetry-broken thermal average Ο,,^»·)) over a unit cell of the 
Wigner lattice, i.e. 
J=K- f , d3r(3cfí(r + Я,)) , (5.44) 
і ь
с е
і і Juiut cell 
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where Ω«υ and R, denote the volume and position of the unit cell, respectively. Substi­
tuting (5.41) into (5.44) and neglecting all terms containing exp[—Я^/За], г φ j , as they 
are of the order of the overlap, we obtain 
j
 =
 J _ f ¿3r £ , ( r + R,){D' ) , 
SÎceU JtU »pace j j · ' 1 · , 2 • ' 1 · ' 2 
(5.45) 
where Λ j is given by (5.43). Because (D\ j ) is invariant under lattice translations the 
uniform current density can now be expressed as 
















ЛА·« \ | 2 т
Ш в Л А
а
[ и
^ ^ + « А ^ - ^ ] 
fc, Α,/ί 
Substituting (5.47) into (5.46) and using that for fc = 0 the solutions of the eigenvalue 
/r r./-\ · ι 2 2 8πΝε2 , иІ>В2т , &πΝε2 л 
equation (5.26) are given by тшд01 = mtjß02 = WA + '"ti—> τ η ωΒ03 = ьд a n c i 
eoi = £ , εο2 = îf, ^оз = ¿, we arrive at 





 , „ T , , „ . . . . „ . . . . 
"3^Ω" + A5") 2 I m ( u l / x ^ ) i + u2 /x(^) î / ) 
+
 l l ^ r ) 2Im(u3,(^)¿) 
+ : 
-1/4 ¡8wNe2 ^μΐΒΐγ4" eB 
— Μ^Ιμ(Βομ)ν - *2μ{Βομ)*) (5.48) V З т П ' h2 
where Re(2) and Im (2) denote the real and imaginary part of the complex number 2, 
respectively. Clearly (BL·) = 0 in the free boson approximation (5.32), i.e. j = 0. 
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That conclusion also holds for the interacting boson system described by (5.21), as can 
be seen in the following way. The eigenstates required to calculate (Bou) are now eigen-
states of Hamiltonian (5.21). These states, when represented as linear combinations of 
the eigenstates \φ^) of the free boson Hamiltonian (5.32), have the property that they 
do not contain simultaneously the terms \φ^) and ßoulV'n)· That property, which im-
mediately implies (Bpn) = 0, follows directly from the calculation of the matrix elements 
(Фп\ м ΒομΙΨη), which are zero due to the structure of Vfi given by (5.22) and (5.47). 
Now it can be concluded that the low-density jellium model indeed allows a homoge­
neous internal magnetic field. For j = 0 and the Maxwell equations do give such a field. 
B. Response to an inhomogeneous magnetic field 
Part A deals with a low-density jellium model having a homogeneous internal magnetic 
field. The question, however, whether an external magnetic field can penetrate into the 
system thus creating the internal field, is not answered. For an answer to that question 
requires the introduction of boundaries and external field sources, which destroy the 
translational invariance explicitly used in part A. The situation that a magnetic field 
does not penetrate a given system is known as the Meissner-Ochsenfeld effect. In order 
to discuss the eventual appearance of that effect in the low-density model we calculate, 
analogous to the procedure of the B.C.S.-theory [17, 18], the response of the system to an 
inhomogeneous magnetic field. Such a field is generated by some source current density 
in the interior of the still infinite system. 
In order to examine the possible existence of the Meissner-Ochsenfeld effect we only 
need to calculate the linear response of the system to the magnetic field, i.e. the linear 
relation between the induced current density j ( r , < ) and the vector potential A(r,t). This 
means that the magnetic field is assumed to be very small and all terms of order | A | n , 
η > 2, are neglected. 
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The criterion for the appearance of the Meissner-Ochsenfeld effect is [18] 
lim lim ί ί σ , ω ) = —К lim lim Α(α,ω) , (5.49) 
q—o ω->ο ς—ο ω-Ό 
where Κ is a non-zero constant and j (q, ω) and Α(ς,ω) are given by the Fourier decom­
positions 
A(r,t) = ^ A ( q , t ) c ^ = ^ 1 - J ^ à . A i q ^ e ^ e - ^ , 
J ( ^ ) = ¿ E j ( 9 , i ) e ¿ 9 r = ^ E ¿ ¡ ^ э ^ у Ч - ' е - ^ . (5.50) 
The condition (5.49) is a relation between macroscopic quantities. This means in the 
present case that the local field and current density must be averaged over one unit cell of 
the Wigner lattice. It should be remarked that the resulting macroscopic quantities are 
no longer identical here to the microscopic ones as contrasted with the situation discussed 
in part A. 
Up to order | Д | the Hamiltonian can be expressed as 
Я = Я(0) + Я(1) + Η, , (5.51) 
where Я(0) is the Hamiltonian (3.1) of the jellium model, Я , is the term describing the 
interaction between the electron spins and the magnetic field, and Я(1) is given by 
ВД = ^ Σ Σ (2* + Я) • A{q, t) 0% ck<T . (5.52) 
k,q σ 
The explicit form of II, is not given here, as Η, does not affect the current density 
for the following two reasons. First of all Я , commutes with the charge density operator 
p(r) = Σ 'Φσ{τ)'Φσ(τ)Ί ' · ε · Η, plays no part in the equation of continuity that determines 
σ 
the current density operator. Secondly the neglect of the overlap between one-electron 
wave functions localized at different lattice sites entails that the only effect of Я , on the 
eigenstates of Я(0) + Я(1) is the removal of the degeneracy of these states with respect 
to all possible spin configurations of the lattice. Clearly then we only need to consider 
the Hamiltonian Я = Я(0) + Я(1). 
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Next we replace Я(1) by an effective Hamiltonian Я(1)
е
(г analogous to the procedure 
discussed in section 4, i.e. we neglect the effect of exchange: 
щіи = ^ΣΣ J+^Afat) • [Jd3k(2k +
 q) /*(* + i)4(t)] D'3ih , 
q,i J1J2 
(5.53) 
where fj and Dj j are given by (4.15) and (4.31), respectively. The boson representation 




£к.\у/2а) = -±= [^^(fc-ÉV^ + O-Ôtf^Jfc-êV^)] , (5.54) 
we arrive at 
Σ [ / ¿ ' Φ * + «)ƒ;,(*+ g)4(t)' 
J1J2 
* f t A = 
- Σ А[/а3*/А(* + в)/
Л
(Ч 
J lJ2 . í 
J2J1 í ¿ J1J2 (5.55) 
where PI is given by (4.47) and use is made of (4.35). Next we expand the right hand side 
of (5.55) in terms of the components of yja q. Such an expansion is explicitly done up to 
fourth order in Appendix V. The resulting expression (V.5) can be directly generalized 
to the following result: 
E [jd'kf^k + q)/^) 
3x32 
rç* = 
1 + Χ ο ( 9 ) + Σ Σ Xi i ( ï ) 4 SV ...Si 
M=l г i <Г"«М ζΐ Ç2 Ç 
t l - S M 
where 5V is given by (4.40) and the functions χο and χ ι ¿ satisfy 
ς € Ι - € Μ 
M 
(5.56) 
l imoxo( ?)=l imox^¿¿ч) = 0 . (5.57) 
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Substitution of (5.55) and (5.56) into (5.53) gives 
Я ( 1 ) е Я =




+ Σ Σ 5 χ* ¿ («) P;5V . . . S i + 5 i . . . S i Pi 
ч s i CM SI 4м С 
. (5.58) 
This Hamiltonian can be easily expressed in terms of the boson operators Л\1, using 
(4.51) and (4.54). 






я + Я(1)ея , (5.59) 
where, as shown in Appendix V, Я(0)
е
я has the following form 






 = ΝΖ Σ Σ ' ^
Η
· £ ^ - Ω 9 ° ^ Σ ^+...+fcM,^n 
Κη η,φ 0 9ο n9¿ Μ\ 
fcl . . . f c j \ í 
A i . . . Хм 
Ík,R; 





fl· is given by 
(5.61) 
нци = tigñzZil^uUk + K^ 
к\ 
Кп кХ 









+ Ο Σ Σ Σ А(к + к»-(*1 + ... + *м),«)-чл 
м = і i ¿ I - ¿ M * і--*л/Л-Лм 
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x [Xi i (fc + i f« - (*1 + • • · + *Af))] 
si чм 
( м I fi ι 
( 5 N ^ ^ f c A '*,Aj ' è'[A+h>x>+ Л'кзХз]){ЛкХ " Л!ікАІ 
M 




ANmoLJu ^ ~k^ ' ^ [ Л * ^ , + A-b¿) %\3 
(5.62) 
The summation over Kn in (5.61) and (5.62) runs over all reciprocal lattice vectors. In 
obtaining (5.61) and (5.62) we assumed that the origin of our coordinate system coincides 
with a site of the Wigner lattice. That assumption does not influence our conclusion 
concerning the eventual appearance of the Meissner-Ochsenfeld effect as we are only in-
terested in the macroscopic current density. 
Now we discuss an important property of the eigenstates \φ
η
) of #(0),^· for the sake 
of the calculation of the current density. The states \φ
η
) are linear combinations of the 
eigenstates \ф
т
) of the free boson term of (5.60). For convenience' sake this complete set 
of states \фт) is divided into subsets consisting of those eigenstates \Ψΐΐζ) that have the 
same total wave vector К given by 
κ = Σ
 nk\k ( 5 · 6 3 ) 
ікЛ 
with п^д = 0,1,2, . . . being the occupation number of the one-boson state \k\). Because 
of the factor fy. , ^ ¡ζ in (5.61) the complete set of eigenstates 1^ ,,) of Я(0)
е
я can 






where the summation over / runs over the subset consisting of states that have the total 
wave vector К + K
n
 and the constants C?w^ satisfy 
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Thus the cigenstates \φ
η
) have the following property: 
Ы U(Ak X + *епШ-к A )І »-> = 0 for £ *, ^ Kn , (5.66) 
where sgn(j) = +1 or sgn(j) = —1 and Kn may be any reciprocal lattice vector. 




j(r,V = ^T,bp(q,t) + 3D(QJ)V4r, 
ей 
з







jSr(ï,0 = ^EE^4R'[ld3k(2k +
 q)f*l(k + q)fj2(kWjìJì, (5 70) 
are the Fourier transforms of the paramagnetic and diamagnetic current density operator, 
respectively. The effective operators corresponding with jp(q,t) and JD(g,<) read 
eh 
ЭіЭг 
Tili, i í /m f» J 
i,q' JiJ2 
(5.71) 
As follows from (5.49) we only need to consider 3^g(q,t) and J^a(q,t) in the limit q —» 0. 
Using (5.55), (5.56) and (5.57) we obtain 
lim jffr(a,<) = Hm —ten Τ ¿ ег9 Я . PI (5.72) 




' , і ) е г « ' Я . 1 + χο(ϊ') lim 9 




In terms of the boson operators these expressions read 
hm ^ ( , , ί ) = hm {
 0 m Σ
 ε<7λ V—ft Ид λ - ^ ! , Α ] | ' 
q^o q^'o 1 2  Y " g / 
(5.74) 
А( 9-/ІГ 1 1 >0[1 + Хо(А'»)] 
+ Σ Σ Σ А (
в
- j ? , - ( i , + . . . + *„) ,*) 
M = 1




 + fci + . . . + Μ Π , 77? eJfc λ · tÁAl Λ + A-k A ) 
(5.75) 
The macroscopic quantity lim j (q,oj), that appears in the criterion (5.49) for the Meissner-
Ochsenfeld effect, can now be calculated provided that A(q,t) is interpreted as a Fourier 
component of the macroscopic field. This interpretation implies 
lim A(q + K
n
,t) = 0 for К
п
ф 0 (5.76) 
The calculation goes as follows. Up to linear order in the field A(q,t) the Fourier 
component j(q,t) of the macroscopic current density is given by 
with 
and 
j(q,t) = 3p(q,t) + jD(4,t) 
3
p(q,t) = lim 1 Д dTe£Ttân(q,t),m<K(T)i) 




The thermal average (...) is taken with respect to the eigenstates \φ
η
) of Я(0)е(г, i-e. 






 being the energy corresponding with |у>ті). The expression (5.78) has been derived 
by Kubo [19] using linear response theory. The factor e£T in the integrand indicates that 
the field is switched on adiabatically. Substituting the expressions (5.62), (5.74) and 
(5.75) into (5.78) and (5.79), respectively, and using (5.57), (5.66) and (5.76) we arrive at 
Hm/(«7,0 = 
Jul, H^hi Σ , V V ' ^ ' V ' 7-1 dTeETA(k>T) • ekXGdi - 0,(5-81) 
where Gi(t — τ) is a retarded Green function, given by 
C?i(0 = - ¿ 0(t)([AqX.(t) - A+_qX,(t),Akx - A+_kX}) , (5.82) 
and 
2Ne2 lim iü(q, t) = - lim A(q, t) q^oJ yч, ' q^o тсП, ^4' ' (5.83) 
Consequently the Fourier transforms j(q,u)) and A(q,ù)), as given by (5.50), satisfy the 
following relation: 
2ЛГе2 
lim lim Ί(α.ω) = lim lim lim „ 
ç- .ow-.o ' '^ ' ' q-,0 ω-*o e—о me Ω 
1 
Мч,ш)+ 




G i H = Γ diG,{t)eiu}t . (5.85) 
J—oo 
The final step of the calculation consists of determining the Fourier transform 0\(ώ) of 
the retarded Green function (5.82) in the limit ω —» 0. This is done by using the equations 




m([[Aqy(t) - A+_qX,{t)tH(0U),AkX - A+kx]) 
4
 м=з I 
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 ^ ^ = -
2A(<)¿-ifc9 АЛА' + Α ω , λ · С > ( ' ) 
(5.86) 
(5.87) 
where the retarded Green functions G2(t) and GM(Ì) are given by 
G2(i) = -^mAqy(t) + A+_qX,(t),AkX-A+_kX}), 
i M (5.88) 
j = 2 
The corresponding relations between the Fourier transforms Οι(ω), Gifa) and Сл/(а») 
can easily be calculated. Eliminating 02(ω) we arrive at 
Gii«) 
Σ Σ 
AT« Ä , / 0 9ο 
-b>q\S-kqS\y+" Σ 2 Λ ί 
Λ^   Σ ' ^
Α
· ^ ϊ β - ^ ι _
 Σ
 ¿Jfci+..,fcM n^ π Ü902 Ml 
\ ANmojfc χ κιλ] 'fc.A • 9 o [ e -
,






The Fourier transform GM{U) of the Green function G M ( Í ) ) given by (5.88), is a very 
complicated function of ω. A formal expression, however, can be obtained from (5.80): 
- i 




о 3 3 J J 
ω + ie + 
•En — E„ 
52 
M 
(v-HfcA - A+kX\<pm)(Vm\ П(А+к λ + А_кХ)Ы 
j = 2 ·> 3 ' 3 
ω + ie + ^ m — ^ п 
(5.90) 
where use is made of the identities 
M 
Ы 
Π(4Α + Α -*Λ ) ( ί ) 
]=2 3 3 J J 







) ( < ) \Ч>т){<Рт\Ак\ - ^ Е Д І п) 
¿(^Ч^)< (V» I \Ч>т)^Рт\А
кХ








After rewriting (5.90) as 
ω + ie + 
ί'η — ßir (5.92) 
GM(W + ¿ε) = 1 -ßEn -ßEn _ e-ßE, •к 
л/ 
1=2 3 3 3 3 




lim lim (ω + ÌS)GM(U + ¿ε) = 0 . 
(5.93) 
(5.94) 
Substituting (5.89) and (5.94) into (5.84) we finally arrive at the decisive relation between 
j ( i . w ) and A(q,w)·. 
2Ne2 
lim lim ι ( ί , ω ) = lim lim — [-A(q,uj) + A(-q,ùj)] 
гу е
2 
= —lim lim — f2¿Im(A(g,w))l . 
q~o ω-.ο щей l v K JJI 
(5.95) 
Now we can directly conclude that the low-density electron system does not show a 
Meissner-Ochsenfeld effect as the imaginary part of A(q,w) disappears in the limit q —У 0. 
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We wish to remark that the present conclusion only holds for sufficiently low densities 
where the effect of exchange can be neglected. This neglect, however, does not auto­
matically mean that the appearance of a Mcissner-Ochsenfeld oifect could be excluded a 
priori, for the ground state of the low-density system is highly correlated. Apparently the 
electron-electron correlation, which is described by the effective Hamiltonian Я
е
я given 
by (5.59), does not give the necessary rigidity to the system's wave function for resisting 
the magnetic field [20]. This absence of sufficient rigidity in the low-density system does 
not follow a priori from a general argument, as far as we know. Likewise the effect of 
the exchange on the rigidity cannot be predicted. Consequently the question is still open 
whether the model shows a Meissner-Ochsenfeld effect at higher densities. 
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6. Conclusions 
In this paper the low-density electron system has been studied within a purely quantum-
mechanical context. It appears that the semi classical approaches of Wigner and Carr can 
be justified. The results of Wigner's approach of the low-density electron system are iden-
tical to those of a Hartree-Fock theory with the ground state being a Slater determinant 
of 2N harmonic oscillator ground state functions localized at the sites of a regular lattice 
(section 3). The effect of exchange has been considered as well leading to the conclusion 
that a ferromagnetic lattice is favourable to an antiferromagnetic lattice for r, > 14. 
In order to reproduce the results of Carr's approach the quantummechanical calcula-
tion must take into account the effect of electron-electron correlation (section 4). Now 
the eigenstates are expressed as linear combinations of all possible Slater determinants 
of 27V harmonic oscillator eigcnfunctions, localized at the sites of the Wigner lattice. An 
important result of the theory is the existence of an effective free boson Hamiltonian gen-
erating the exact eigenstates and energy spectrum up to order r^"1. The appearing boson 
operators have been expressed completely in terms of the original fermion operators. 
The implications of the approach, as developed in section 4, are not restricted to the 
low-density electron system only. Any lattice of atoms or ions can be treated in exactly 
the same way as the Wigner lattice of electrons. The results, obtained by neglecting the 
effect of exchange, are then identical to those of Born's lattice theory. Thus we have 
completely justified Born's lattice theory from a quantummechanical point of view. 
Finally the approach of section 4 has been applied to the jellium model in a magnetic 
field (section 5). By way of calculating the current density we have shown that the 
low-density jellium model allows a homogeneous internal magnetic field. The eventual 
appearance of a Meissner-Ochsenfeld effect has also been discussed, the conclusion being 
negative for a low-density system. 
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| C | - 2 = (\dT2N(R2N)...dT1(RiK(Ri)...d+2N(R2N)\) . (1.2) 




(я1)...а+ і_1(я._1)[я,а+(л.)]а+ і+1(л,+1)...4 !и (Лілг)|), (1.3) 
whose validity directly follows from IJ\) = 0. Next we rewrite (1.3) as 
H4í(Rl)...d}íN{R2N)\) = 
2N 2N / \ 
Σ Σ (-i)-+ '+ 1 Π 4
т
(л-.) {[я,4,(я.)],4,(л,)}|) + 







Substituting (1.4) into (1.1) and using 
dTiAr(B2W).. .d r i(Ä1) = ( -1) ш - 'а
Г і
(Л,) 
= ( - і Г ^ ^ ^ ^ д я , ) !  
п
)| , (i-s) 
we arrive at 
£W = |С | а Е(К(л.)(П4
т
(л»)) Ι Π ¿U*».)) M WH) 
t=l \тт^< / \"*^* 
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+ 
2N 2N / \ + / 
ici2 Σ Σ {Щпмюі Π 4
т
(л») Π 4JR™) 
ι=1 j=i+l \m^i,j / Vm^íij 
x {[я.а+дя,)],^^)}!) (1.6) 








(2π) 3 τ 1 / 2 h2P 
Ω 
Ç^-e-^rw^l,, (1.7) 
^ Σ ' Σ , (Я) ƒ*(* -
 9)/+(fc' + 9) е-(*-<)·*. e - í ' + í ) ^ c^c^ ,Tj 
(1.8) 
The resulting expression for EHF is given by 
2N 
EHF = | С | ^ 8 « п ( А ) Е « т - . т д ( . ) ^ ( Я . - - Н А ( . ) ) П 5 ( А - . - А М ™ ) ) * т
т
т
і ( и ) 
λ t = l m^i 
ι 
+ | σ | 2 Σ ^ ( λ ) ^ Σ ^ τ
λ ( ι ) ν Λ ω 
>*J 
P(R, - Rx{,)·, Rj - Rx^y, R^-Rj) \\ SiRm - AA(m))¿TmTA(n 
ith 
(1.9) 




ГА ( т ) , 
λ m 
where the sum over λ runs over all (2N)\ permutations of 1,2, ...,2iV. The function 
S denotes the overlap, whereas the functions К and Ρ are related to the kinetic and 
potential energy respectively: 
5(Л, - Я А ( 1 ) ) = {dt(ÄA(.)), 4 ( Л . ) } = / d3k f(k)f*(h) е - , * - ( Л ' - Л М . ) ) (1.11) 
^ ( Л . - ЙАО) = (|ат(Ял(,))[Я,4(А.)1І) = J ^ к ^ f(k)f*(k)e-ik<R^RM>)) 
(1.12) 
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ν( , )β- · ' « · ( Η . - Α
ί
) ' 
J d3kd3k' f*(k' + q) f*(k - q) f(k)f(k') . ^ - ¿ * ( Я , - Я А ( , ) ) е - ^ ' ( Д , - Я А Ы ) 
(1.13) 
Up to order S(R,—Дл(·))2 only two terms, appearing in the sum over the permutations, 
are relevant. The first term corresponds with the identity permutation (А(г) = г for 
all г) and the second term with the sum over all permutations of the form X(i) = j , 
\(j) = i, i φ j . Neglecting the remaining terms, i.e. considering only two-particle 
exchange contributions, we obtain 
EHF = ^l^SiOf^Km + Wsioy^PiO^R.-R,) 
[ < ¿ 'Φι 
Σ Σ «r.r, S(0r- 2 [К{Ъ - Я,)5(Я, - Я,) 
. · іФ' 
+ ñ ^ ( Я , — R}\ Rj — Я,; Я , — Я;)] 
+ Σ Σ Σ
 1:S{QYN-3[imS{RJ-Rm)4rmrJ 
• ]Φ^ ™φ^3 
+ г
Г ) г т 5 ( Я т - Я ) Р ( Я 1 - Я т ; 0 ; Я 1 - Я ; ) 
+ ίτ,τπ,ίίϋ™ - Я;)Р(0; RJ-Rm,R,- R3)\ 












|C|2 = 5 ( 0 Г - ^ Е Σ SiRn-RnYSiOr-'Sr^ 
η / m 
1 
= s(o)M + ¿ Σ Σ 5 ( я
т
 - я«)2 5(о)^-2 ¿TmTn 
m n^m 
Thus the first term in the expansion is 




where we have used that 5(0) = 1. This expression, together with (1.12) and (1.13), gives 

















- 6r}TmP(0;R3-Rm;R,-R3)S(Rm-R))}. (1.17) 
The magnitude of AEHF depends on the spin configuration of the electron lattice. For 
a ferromagnetic spin state, i.e. τ
η
 =1 or τ„ =J. for all η = 1, 2,..., 2./V we get 
A £ ¿ F = Σ 2Ν[Κ(0)3(^)2 - А'(Дп)5(Я
п
) 
Л „ ^ 0 










) 2 ] 
+ Σ Σ 2У [ Р ( 0 ; 0 ; Л
п
) 5 ( Я
т
) 2 - Р ( Л
т
; 0 ; Я
п
) 5 ( Я т ) ] 
(1.18) 
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For an anti ferromagnetic spin state, i.e. τ
η
 = t for all electrons localized at the sublattice 
sites FLn (n = Ι,.,.,Ν) and τ
η
 =1 for all electrons localized at Rn + 6 (η = Ι,.,.,Ν), 
AEHF is given by 
A ^ F = Σ 2N[K(0)S(R
n















+ Σ Σ 27 [Р(0;0;Я
п
 + А ) 5 ( Л
т
) 2 - . Р ( і г
т
; 0 ; Я
п
 + в ) 5 ( Д
т
) ] . 
Rn Rmf1 0 
(1.19) 
The unknown wave function ƒ, that appears in (I 11), (1.12) and (1.13), is determined by 
the minimization procedure as discussed in section 3. Using the resulting Gaussian wave 
packet (3.16) we obtain 
*<*·>-£ Rl -Riß« 
(1.20) 





--x) = j:,V(q)e-u42el4-^-\Rm)e-Rlßa _ ( 1 2 2 ) 
PiRn- -R«, Л . ) = Σ ' V{q) е-аЯ2 e-R2J8a . 
4 
The ferromagnetic and antiferromagnetic exchange energies are then given by 
(1.23) 
AESHF = 2N Σ е -
Л
п / 4 а 
Д „ ^ 0 
2 ü 2 h R. 
32ma2 
„2. i - . j l n _ l _ l i g A o 




- - І - 5 е · « " « ) 
+ ^ £ / (
С
)е-0г« , Л т - е * , ' ( І І т _ » Я т ) ) (1.24) 
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 V{q) е-ая\е\ i 4 R n _
1
_ ^ ì e i q ^ 
32ma2 
aç2/ ¿g · Ят _ „iç · ( β „ - ì Rn) 
2 2 
+ Σ Σ ' ^(ί) e-^V9 " ( ß m + Ä) - ег'9 · ( ^ + 6 - 2 Л»)) 
Л т « 
(1.25) 




The functional £ ; / (ƒ) , as given in (3.14), can be rewritten as 
•hk)f*(k) + - 2 . U(nn-iUn)-
where 
£?„(ƒ) = 2 ^ id3k^-f(k)f*(k)
 
1
-'£U(Rn-Rm)- lim 2^ (
Ч
) , (ILI) 
J ¿m ¿ .„ q-,0 





ЩИ* - л«) = Σ (я) exp[¿g · (Лп - я™)]. 
ч 
This expression can be easily minimized provided that U(Iln — Rm) is replaced by the 
true Coulomb potential. Then (II.1) reads 
E„(f) = E
cl + 2NÍjd3kf(k)f*(k)^ 
- N lim 
4же2 jd3kf(k + q)f*(k) 
q-0 Ω?2 
where the energy of the classical electron gas, Ε
σ
ι, is given by 
(II.4) 
1 
Jfc« = S E 2^r
n
 ІЯ™-^! Ω ^ о ? 
ЛГ ,. 47ге2 27ге2 
Σ ' Σ ¿expIiç-ÎJ^-A»)]. 
q m^n 
(II.5) 
It follows from the form of the expression (II.4) that E¡j{f) is minimized by a real and 
isotropic function. Consequently we can use the expansion: 
1 f{k + q) = /(fc) + <rV/(*) + ¿(?-V)7(*) + ... 
= т + 11^і'(к) + 2 \ Ρ fc)2 ƒ"(*) + ƒ'(*) - ^ ] } -
(II.6) 
with / ' (λ) = ^ and /"(A) = ^ £ . Substituting (II.6) into (II.4) and using 
4π6 2 
ç^Ô Ω92 'Jd
3kf{k + q)f*(k) 
2
 _ Ì _ 16πβ2 /•« 
(II.7) 
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we arrive at 
{ r°° Γ. Ä2Jl·2 ΑΙΓΡ^Ν . 2 
4π /
o
 fc2dt/(¿) /(fe) ^ - - і ^ - (Г(*) + | ƒ'(*)) 
- λ ί4π Ζ00 к2ак/(к)2 - l i j , (II.8) 
where the Lagrange multiplier λ has been introduced in order to take into account the 
normalization of ƒ. The function ƒ is now determined by the Euler equation 
d2 fdC\ d fdC\ дС
 л / Т Т Л Ч 
where 
£ = 4π 
A 2 f e 4 , 4πΛΓβ2 (-Afe2 + ^ ) / 2 - I ^ - ( / " + ^ ) f e 2 / 
2m ^ 3Ω w ' к 





The normalized solution of (11-11) reads 
/o(*) -
and the Lagrange multiplier is given by 
A = 
2 £ | 3 / 4
 e
-afc2 









- 3 2 . * m e 2 ' Ρ 1 " 1 4 ) 
The real space wave function /о, which is the Fourier transform of (11.12), is given in 
(3.16). 
It should be remarked that the approximation of replacing U{R
n
 — um) by the true 
Coulomb potential can be justified starting from the wave function (11.12). Substitution 
of this function into the real expression for (/(.Rn — Rm) gives 





1 — erfc 
№)]· (11.15) 
2 
where erfc is the complement of the error function. As efc(x) ~ e _ I for χ —* oo, the 
difference between U{R
n
 — Rm) and the Coulomb potential is of the order S{R
n
 — Rm)2, 
where the overlap 5 ( Л
П
 — Ftm) is given in (3.22). Consequently the replacement does not 
affect Ef](f) provided that all terms of the order of the overlap can be neglected. The 
minimum of £/ƒ(ƒ) can easily be found by substituting (11.12) into (II.8) and reads: 
£#> = Eci + 2NX . (11.16) 
Next we minimize the Hartree-Fock energy up to order S(Iln — itm)2 starting from 
the expression 
EHFU) = EH(f) + AEHF(f) , (11.17) 
where E¡¡(f) and АЕнр(І) are given by (II.1) and (1.17) respectively. With the aid of 
the complete set of harmonic oscillator eigenfunctions fj we can express the variational 
function ƒ as 
ƒ > ) = ƒ(>(*)+ Σ Ajfj(k), (11.18) 
where fo(k) is given by (11.12), and the coefficients Aj are variational parameters. We 
remark here that ƒ is normalized up to order S(Rn — Rm)2, as will be clear from the 
following. Substituting (11.18) into (11.17) and using the orthogonality of the functions 
fj, EHFÍÍ) can be written in the following form 
EHFÍÍ) = EHFUO) + 2N Σ [CJ \AJ I2 - ACj(Aj + A*)], (11.19) 
with EHF{}O) given by (3.27), (3.28) and (3.29), whereas Cj and ACj are constants of 
order S(R
m
 — R-n)0 and S(R
m
 — Rn)2 respectively. Minimizing ЕНР{1) with respect to 
AJ we get 
AC-, 
Aj = —1, (11.20) 
AC2 
EHFU) = EHF(f0)-2N Σ — J . (11.21) 
J ^ O Cj 
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Thus the function that minimizes EHF{Î) consists of (Π.12) and terms of order S(R
m
 — Rn)2. 
It follows directly from (Π.21) that the contribution of these correction terms to Ецг(/) 
is of order S(R
m
 — Rn)4· Consequently Енг(/о) is the correct minimum of EHFÍÍ) up to 
order S(Rm — An)2 . The constants Cj and A C j can in principle be calculated exactly. 
In section 3, however, we restrict ourselves to an approximate calculation as the precise 
form of the wave function seems of little interest. 
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where a is an arbitrary vector and the function V
a
 depends on the variational parameter a 
as introduced in section 3. After Ewald the parameter β is introduced and E is rewritten 
(III.l) 
with 




) - Vß(Kn)} еІК" • α - lim [Va{q) - Vfcfa)] 
КпфЪ 
Next we substitute into (III.2) the Fourier decomposition 
К,(ЛГ
П
) = ^ fd3rU
a
(r)eriK»-T 
Ua(r) = Σ Vo(q) ¿ Я ' Т = - ^ 1 ^ Я V
a
(q) J« • r . 
Using the identity 
Е е
- г Ь :
п
( 1 . - а ) = ^ Е г з ( г _ а _ Л п Ь 
where Л,, denotes a lattice vector (n = 1,2,..., 2N), we then obtain 





2ΛΓ An 9-0 AT„7¿0 
(III.6) 
Substitution of (3.24) into (III.6) results into 
E = 4 Σ e 
+ 
2І ^ li^ + o 
47re 





2 v ^ )-•*№ 
2
 ^ ^ * - . , * „ • « (ΙΙΙ.7) 
Putting а = 0 the term in (III.7) corresponding with Лп = 0 appears to be: 
г[етіс(х/2^) - eTÎc(x/2y/a)]s Ä0 Ä О I - 2N { ^ ^) ' ( ) 
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According to Carr [5] the two-particle exchange gives the following contribution to the 




 = -- Σ J.j , (IV.l) 
>*3 
where J^ is the two-particle exchange integral 
J 4 = / d ' n d ' r j / á ' f n - J l . i / í í r j - f i ^ O ^ Í / o C r . - ^ J / o í r j - J l . ) 
- SiR, - Rj)2 ƒ d ' n d ' r j /o*(r, - R.)/¡(η - R,) Я(1,2) Mr, - R.) /o(r2 - R,) 
(IV.2) 
The appearing wave function fo and the overlap S are given by expressions (3.16) and 
(3.22), respectively, and the effective two-particle Hamiltonian #(1,2) reads 
Я(1,2) = z L ( v ì + vì)-^/d 




• + • 
тфі,] 
I r - I · , Г - Г 2 
1 1 
+ \Т-Гу\ | Г - Г 2 
(І .З) 
In order to compare Carr's calculation of the two-particle exchange energy with the 
present one (IV.3) is substituted into (IV.2) resulting into 
e r f d i ^ - ί ^ | / 2 ^ ) е г Г ^ / г ^ ) ' 
+ 2e2 Σ 
Л т ^ Л.,,0 L I-Rm - 3 -Rij I Ля 
(IV.4) 
where ü . j = JR, — R-, and Δ 7
υ
 is the contribution due to the interaction of the electrons 
with the positive background, 
AJ,, = Jd3r1d3r2f¿(r1-R,)f¿(T2-R])AH(\,2)fo(T1-RJ)Mr2-R,) 




дй(1,2) = - , / л [ ( _ 2 _ _ і ) + (_1__і) (IV.6) 
Now the magnitude of AJ^ appears to depend on the way the integration in (IV.6) is 
performed. Carr's procedure consisted of first integrating over a sphere with a given 
radius L and afterwards taking the limit L —» oo giving ДЯ(1,2) = л/\е (т\ + г^) 
and ùiJtJ = ?() Д?і e ~ ' J · This actually means that Carr's definition of the 
jellium model differs from the usual one as given in section 2. According to the usual 
1 · e~ lJ,r 
definition the Coulomb potential ψ must be replaced by the Yukawa potential £ - j : — 
and the limit μ —> 0 taken after performing the integration. Such a procedure results 
into ДЯ(1,2) = AJ.j = 0. Only then the substitution of (IV.4) into (IV.l) leads to the 
expression (3.28) for the ferromagnetic two-particle exchange energy. That follows directly 
from the choice β —» σο, where β denotes the Ewald parameter. Thus the discrepancy 
between Carr's and our expression for the exchange energy can be completely understood 
in terms of two slightly different definitions of the jellium model. This difference in 
definition, however, does not account for the large discrepancy in ciitical density for 
ferromagnetic behaviour. The two critical densities are given by r, ~ 270 and r, ~ 14 
respectively. Carr's result r, ~ 270 is based upon the following three approximations for 
J.,: 
(1) The error functions were set equal to one, i.e. J,j was expressed as 
-K/*ai-R\ 
16ma 2 + • 
2πΝε2 
3Ω 
_ 3 ^ 
П., 
+ 2β2 Σ 
-Rrn^O 
l-Rm - g ЯчІ l - Rm (IV.7) 
(2) The parameter a was given by the Wigner value | г^2^. 
(3) The contribution of the sum over R
m
 was neglected in (IV.7). 
These approximations lead to a positive nearest neighbour exchange integral, i.e. to a 
ferromagnetic lattice, for r, ~ 270. The approximations (1) and (2) are both justified 
68 
because they neglect only irrelevant terms, i.e. terms of order 5 ( Л 1 ; ) П , η > 4. Approxi­
mation (3), however, is certainly not justified as follows directly from a calculation of the 
first few terms in the sum over it,,,. This is the main reason for the discrepancy between 
Carr's and the present result. The correct contribution of the sum over Hm can be found 
using the Ewald summation method, as done in section 3. 
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The interaction operator V is calculated by substituting (4.37) into (4.30). Then we get 
up to order q4: 
Jd3kfj(k)f¡(k±q) = 
-a(q - ξ)2 [j . ¿^ .^ . + i \/(j-¿ + l)(j-¿ + 2)¿ j ¿+ai /¿ 
+ ^ \ /(^í + i)(^¿ + 2 ) ^ + 2 j ¿ ] τ i« v^(g · Ô3 [\ (J • i)\/(J-i + i ) i j è + l i / è 
+ g V /(^í + l ) ( ^ ¿ + 2)(/-¿ + 3 ) ^ ¿ + 3 J í j 
W(<r¿)4 ^(J • ¿ ) > / ( J - ¿ + 1 ) ( J - ¿ + 2 ) ¿ ^ + 2 I / _ ¿ L6 
+\(t-tW(t-k + W-î + 2)6iè+2,¿ + i(J-€)(J-€-1)AJ¿i/ J Í , ^ 
+ ¿ ) / ( J - Í + 1 ) ( J - ¿ + 2 ) ( J - Í + 3 ) ( J . ¿ + 4) í
 ¿ + 4 / JÍ+^-€ 







-\aq2 I e 2 * < So + Σ 
к 
±i^(q.k)Sl-cí(q-k)2Sni 
- ^ α(9 · ¿)(ί · V) SJ Τ іал/5 (g · Ô2(g · ή) 5», . 2 ξ+îj 2^ +17 + Σ 
+ J «2(9 · h)2(4 • Л? ^"г . + а2(<7 · ¿)3(«7 · ч) ^
 Ä ¿ 2ς+2»7 зС+г; 
^ia^{q-è)(q-il){q-C)S^ ^ 
+ -2«4q-mq-mq-C)S:k+^ (V.2) 
Σ ^ ϋ - ί + ΐ) J.J+Í J+Í.J. 
Σ 
Σ 
( J - O ^ J + ^ V V É + IXJ-Í + S) 
^ \ / ( j - ¿ + l ) ( j - í + 2 ) ( j -¿ + 3) 
J J + í J+Í.J. 
. J.J+3Í J+3Í,J. 
Σ 
7 J - Í ( J - ¿ - I ) 0 3 J + ^ - € ) \ / Í J - Í + I)(J-€ + 2) 
' W T 6 
¿) / ( j -€+l ) ( j - í + 2)(j-| + 3)(j.¿ + 4) 
Σ>/(ί·€ + ΐ )( ί ·4+ΐ) J.J+ç+»? J + Ч . Ж J+Í.J+Ч J+í+^.J 
I>n « + 1 ) -3,J+V τ J+iy.J 
Í ) / ( J - 4 + I)(J-€ + I ) (J -¿ + 2) 
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j+2Ç,j+T7 З+іС+ З 
5η· 
2¿+2^ 




+ b - 4 > / ( j - ¿ + l ) ( j - í + 2) 
+ J ) / ( J - € + 1 ) ( J - Í + 2 ) ( J - 4 + I ) ( J - 4 + 2) J,J+2»7+2Í J+2T7,J+2Ç 
J+2Ç,J+2i? J+2T7+2Ç,J 
54+ή - ç b-¿\/(j-¿ + i)(j^ + i) J . J + Í + T / J+ÉJ+rç J+»7.J+Ç 
3+K+V3 
+ \ yj{3 • € + I ) ( J · í + 2)(j • ¿ + 3)(j • ή + 1) J.J+3Í+»? 
J+^J+SÇ .Η3ς.7+*? J+3Ç+»/,J 
5 ¿ + ^ = E ) / ( J - € + I ) ( J - 4 + I)CJ-C + I) 
j+É+rç.j+C J+Í+Í/+C.J J+Í/.J+Í+C J+Í+C.J+»Í 
+ Dn * - + Dn ·-
5"i - г 
2Í+TJ+C Σ 
J - Í ) / ( J - 4 + I ) ( J -C + I) ö n . г + Л" і + Л п г . 
J.J+»Í+C j+rç.j+C J + C J + Í / 
з+ +Сз 
+ ^ ( J - € + i ) (J-¿ + 2)(j-4 + i)(j-C + i) Ζ)" 
J,J+2Í+^+C 
+ D" - + D" · - + D" - · + Л" 
J + C J + ^ Í + T ? J+2Í+J+T?+C J + 2 Í + C . J + T J + » Í . J + 2 Í + C 
+ / ) " . . ¿ + 0 " ¿ . , + Dn . . . | | . (V.3) 
J+T/+C.J+2Í J+St+f.J+C J+*7+2t+C.jJJ 
Using the effective properties (4.34) and (4.35) of the operators D'i j the following ex-
pressions for the operators as defined in (V.3) are obtained: 
ς η 
^
 s4 = HS |-5' 
^ = Hi5rH· 
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^ = ¡Αψιψι-ίψι+ΐ' 
%i> = 3Гл' %r, = ïslsisî-ïsî> 
2Ç+2^ 4 ξ ξ ν »ι 4 ξ ξ АЛЛ Α 
%* = ¡ψιψνϊψ^ 
í+v+C ί ч С ^+ч+С 2 ί ί τ с 2 ч с 
Substituting (V.4) into (V.2) we arrive at: 
Σ [азк/3(к)/Цк±ч)оп£ 
3¿ 
= е-І^ I 
ι + Σ ± i 4 ^ ( g - i ) 5 | - Q ( g . i ) 2 СП С " 2 T ¿ - 2 
+ =F¿av/5(q-í)3 
Н^-й 
-2α(9·0(9·ή) + Σ 
&Л 
+ \*2(я-иЧя-л)2 
СП ОП Tiay/ä(q-k)2(q-ii) 
on on on en J- C n Ç n 
2Asnsrr~A k 
on on ςη on 
2 bth * ~ 2 Л 
Ιψιψή-Ιψι-Ιψή+Ι 
+ аЧч- Чч-л) çn ςη ςη çn ςτι on 
β
 b t i ε л ~ 2 bk л 
+ ^ 2 ( 9 - ¿ ) 2 ( 9 - ^ ( g - C ) 
Τ ^ α ν ^ ί , - ί Κ , - ή Κ , . έ ) ^ ? ^ 
- 5?5?5î ОТ - - 5î SI 2 ε ζ Л ζ 2 Л ζ 
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 Щ ƒ ¿3^3*' ЫШі2(к')/!2(к' + «)ƒ;,(* - «Р3,*,05л 















sksksk+sk + 2sñsr~2sksn. + *
2(я-а)4 * С П С П С П С 7 ! 245ÍA¿T€ 
ι СП· CHI сто Стп СП СП От οπι ι ι СП СП С7"· С77! СП С ^ С77^ С7"· 
+ YiSìSkSìSk~~2SìSr~2SkSÌ+~2 + 4SkSkSkSTbSnSkSì 
+ 5? 5? - i S? S? S? S? + Σ - »(ς · ¿)(ς • ή) ^  55 5ΐ + i 5^57 - 5?57 
+ ία^{4-ξ)2{4-ή) ì sis?s? - si -1 sssisi + SZ + 1 sisisi 
2 V ξ ζ V 2 τ Ι ξ ζ ν 2 ξ ξ τ Ι 
- g 5 p p £ + 5 |Sp? - 5p? + Si + α 2 ( ς · ξ ) 2 ( 9 · ή ) 2 С П С П С771 С 7 7 1 4 6 € 6 Г * Г ч 
i S?5? - i 5 7 5 ? + - --S1* S? S? S? + Sn- S? - - STS^S^S"' + - S? 5 1 5 ^ 5? 2 ζ ζ 2 Л V 2 2 »? ¿ ¿ V V V 2 V ζ ξ V 2 ξ V ζ V 
+ i sisis^si +1 srsrszss 
8 ξ ξ V V 8 ξ ζ V V 
+ *2(я- э(я- ) C n C m C m C m 1 C 7 1 C m 
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. З С Е
7
* 2 ζ ξ 4 6 ζ Л ζ 6 ξ Л ζ 
+ Ω 2 (ς·0 2 (9·^)(9·0 Ι S|S|Sï SJ + J SJS|S5SJ - ¿ 5^5^ - i ЗЩ 
_ Qn C¡m Ç m С771 ι С'1 С" 1 _ Ç m С7 1 С71 Ç71 _ С7 1 С771 С771 С77* _ С77* С7 1 С7* С7! 
2 C ¿ ¿ ^ C ^ 2 C ¿ Í ^ 2 ¿ ¿ ^ C 2 ¿ ¿ ^ C 
(V.6) 
where all terms containing gM, M > 4, have been neglected. In terms of the operators 




















)]2 + - ay/¿ [iq • (Sm - Sn)]3 + — a2 [iq • (Sm - Sn)] 24 
+ aq' + ayfc [iq • (Sm - Sn} q2 + І a 2 [g2 + [iq • (Sm - Sn)}2} ç2} (V.7) 
with 
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)]q2 = O 
where use is made of the cubic symmetry of the lattice in calculating (V.9). Substitution 
of (V.8) and (V.9) into (V.7) leads to expression (4.38), where we have neglected all terms 
containing exp[—Д2/4а] and erfc I - 9- 1. 




)M, M > 4, 
can be found analogously and are expected to be given by the following expression, that 
holds also for M = 3 and M = 4: 
Ум = -0 Σ Σ 
>
e













where all terms of the order of the overlap are neglected, and the gradient operator V
n 
is given by 
Σ ί 
d(Rnm • Ь 
(v.ii) 
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Using the results of section 4 the effective Hamiltonian can be written as 
Н
еа
 = Εα + Σ(1 + Ак\Акх) A«fcA + Σ VU , (V.12) 
where the boson operators A, I are related with the operators S
n
 according to 
S
n
 = ^Σ^7Γ-^ eik-R"ekx[A++Ak>]. (V.13) 
2 N
 kX\ au}kX 
Substituting (V.13) into (V.IO) we find that the contribution of м to the effective Hamil­
tonian consists of terms proportional to R^~1w.'i . This implies that V\i is propor­
tional to Га * as R
mn
 and и)^д are proportional to r, and r j 3 ' 2 , respectively, and м 
is independent of a. On the basis of perturbation theory we can then conclude that the 
ground state energy of (V.12) is a power series in rj1^ with the additional property that 
all odd powers of rj" 1/ 4 do not appear. 
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Appendix VI 
The ground state of the low density electron system can be expressed as (cf. (4.13)) 
l*>> = Σ ^ . Ä W ^ ^ i Ä O . - . ^ ^ i ^ ) ! ) . (vi.i) 
J l > · · · 1 3 2 N 
< 7 і , . . . , а 2 л г 
Up to order τ~3Ι2 the coefficients ΑΊ}...Ί?Μ С) a r e determined by the requirement 
Л*АІіМ = 0 , (VI.2) 
for all к and A. The operators Α^χ are given by, according to (4.31), (4.40), (4.47), (4.51) 
and (4.54), 
А
к\ = ^Щ Σ [α^^++-σ(β,)^(Α,) + ^ λ (/+ σ(Η,)^ σ(β 1)]ν^ΤΓΙ), 
( І.З) 
with 
1 _ 1 
Ä 
^ - Ι ΐ
2
*




2 ] e í f c A - f c A ¿ . 
( І.4) 





σ ι , . . . , σ2Ν 
. Ji-3,-t-3ìN «ί 
+ Ασ ι-σ ίν (0)\/(j.-¿ + l ) 4 A 
3ι-3,+ζ-32Ν г« 
(VI.5) 
for all к and A. Thus for all sets { j j , . . . , j2N} and {σι,. . ., σ2Λ/} we have the following 
6./V linear equations: 
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Σ V Í J . · « ) « · / ^ 1 " ^ {0) + ^ . · ξ + 1)βγΑσ^«ί (0) = 0 , ( І.6) 
for all ib and λ. 
These equations give rise to recursion relations between coefficients A-,1 " j 2^ (0) with 
different j — 5 3 J« " Í starting with j = 0 and j = 1. The complexity of these relations 
.
 ¿¿ 
increases with increasing j and actually prevents a calculation of all coefficients. Never-
theless a few conclusions can be drawn from (VI.6). 
(1) The coefficients with j odd are all zero. This can easily be seen for j = 1 by sub-
stituting Ji = Jì = • • · = Згія = 0 into (VI.6). As the recursion relations only contain 
coefficients with j = jo and j = jo + 2, jo — 1,2,3,..., all coefficients with j odd must be 
zero. 
(2) The coefficients A*1"'*™ (0) with j even can all be expressed in terms of А0ш}д '1N (0). 
- _1 
They decrease as [(jt • £)!] 2 with increasing j l · ζ, i = 1,...,27V. The coefficients 
A0}¿' 2N (0) can be chosen almost completely arbitrarily, the only restriction being that 
the ground state must be normalized. This means that the ground state is degenerate 
with respect to all possible spin configurations {σι,. . . , аглг} of the lattice. As discussed 
in section 3 this is due to the neglect of exchange contributions to the ground state energy. 
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London stressed that a Meissner-Ochsenfeld effect can occur as soon as the system's 
wave function is rigid in the sense that it is hardly affected by a magnetic field. 
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II A description of the 
high-density electron system 
in terms of bosons * 
Abstract 
Tomonaga's idea of describing the one-dimensional jellium model in terms of 
bosons is adopted for the three-dimensional case, but worked out in a com-
pletely different way. An algorithm is given for the construction of a boson 
Hamiltonian that takes into account the full dynamics of the jellium model at 
all densities. 
The algorithm is applied to a reduced form of the jellium model, that has the 
same ground state energy as the jellium model in the high-density limit. The 
resulting boson Hamiltonian is compared with Sawada's Hamiltonian, which 
also has this ground state energy in the limit of high-density. Finally, the 
present boson formulation is discussed briefly. 
1. Introduction 
The system of interacting electrons moving against a uniform background of neutralizing 
positive charge is known as the jellium model. Until now the ground state properties of 
the jellium model can only be calculated approximately except in the limiting cases of 
extremely high and low densities. 
'Submitted to J. Phys Condens. Matter 
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Several ways of approach exist for dealing with the electron system. One of them is to 
reformulate this system in terms of bosons. The boson formulation of the one-dimensional 
model has been discussed by Tomonaga [1]. His formulation holds in the high-density 
limit, as then only scattering processes with small momentum transfer are important. 
The three-dimensional system has been discussed by Sawada in terms of a free boson 
Hamiltonian [2]. His purpose was the justification of the ground state energy calculation 
by Gell-Mann and Brueckncr [3], who summed an apparently divergent series of ring 
diagrams. That calculation, which is equivalent to the Random Phase Approximation 
of Böhm and Pines [4], leads to the exact giound state energy in the high-density limit. 
Sawada's Hamiltonian is the result of discarding all interaction terms that do not generate 
ring diagrams. Consequently Sawada's boson description is only equivalent to the fermion 
description within the framework of perturbation theory. This means that Sawada's three-
dimensional approach is not analogous to Tomanaga's formulation, as the latter one takes 
into account the full dynamics of the one-dimensional system in the high-density limit. 
The results of Arponen and Pajanne [5], who generalized Sawada's Hamiltonian and 
obtained a boson Hamiltonian, which is non-hermitian and of sixth order in the boson 
operators, support this conclusion. 
The purpose of the present paper is to obtain a Tomonaga-like boson-formulation of the 
three-dimensional fermion system. In section 2 the algorithm is given for the construction 
of a boson Hamiltonian HB, that takes into account the full dynamics of the jellium model 
at all densities. In section 3 this algorithm is applied to a reduced form of the jellium 
model, that has the same ground state energy as the jellium model in the high-density 
limit. The resulting boson Hamiltonian is compared with Sawada's Hamiltonian. Unlike 
Sawada's expression the present one describes a fermion system and can therefore be 
considered as a three-dimensional analogue of Tomonaga's Hamiltonian. The significance 
of the present boson formulation is discussed in section 4. Finally it should be remarked 
that the present paper can be considered as a logical continuation of a previous treatise 
on the boson formulation of the low-density electron system [6]. 
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2. The Boson formulation 












Here e and m are the charge and mass of an electron, respectively, and Ω denotes the 
volume of the system, that is thought to consist of 27V electrons. The operators c^ and 
ct describe the annihilation and creation of a fermion having wave vector к and spin 
σ, respectively. The prime appearing in the summation over the momentum transfers q 
indicates that the q = 0 term is excluded in consequence of the homogeneous positively 
charged background. 
The first step of the present boson formulation for the jellium model concerns the cal­
culation of the matrix elements of the jellium model using the complete set of eigenstates 
of the kinetic energy operator appearing in (2.1). An eigenstate |m) of this set can be 
expressed as 
N = ( И «(*F - lfc.l) ö(lfc. + 9,1 - *F) ск
г+ЯіТ,%а) 1°). (2·4) 
where |0), the filled Fermi sphere, is the ground state of the kinetic energy operator and 
kp denotes the radius of the Fermi sphere. The matrix elements can be easily calculated. 
The diagonal element (m\H\m) is given by 
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(т|Я|т) = Σ 
ka 
^ - η Σ (я)(т\пк+
Ч




\т) = ( m l c ^ c ^ ^ l m ) 
1 if |fc| < kp and (k,a) φ (fc.-jff,·); 
1 if | * | > ¿ r a n d ( J f c , a ) = (fc, + 9 I , r , ) ; (2.6) 
0 otherwise . 
The off-diagonal element ( т | Я | т ' ) is zero unless |m') is of the following form: 
l
' ) = c í ^/ cí τ c í -/ ct τ l m ) 
' 1 ^ t'2T2 -faT'j iiTi ' ' (2.7) 
where the creation and annihilation operators refer to four mutually different one-electron 
states. This is a direct consequence of the two-body nature of the interaction term in (2.1). 
The non-zero matrix element ( m | # | m ' ) is given by 
(m\H\m') = [У(Ь - І3)6ГІТ[6Т2Т'2 - (Ь - W T ^ T · ^ ^ ^ · (2.8) 
Next the matrix elements (2.8) are used as the guiding principle for the formulation 
of the jellium model in terms of a boson Hamiltonian HB- In order to construct HB each 
fermion state |m) is replaced by a corresponding boson state | лт) · The set of boson 
states that corresponds with the complete set of fermion states is obtained by replacing 
each electron-hole pair c t
 а(.,ска with |fc + q\ > kp and |fc| < kp by the corresponding 
boson operator <ίί
σ















. . (2.9) 
The replacement means that the fermion state |m) (2.4) corresponds with the boson state 
\v*n) = i n fl(fcF - lfc'l) ö(lfc- + «-I - fcf) 4 ^ , (*.*.)) Iv^o) , (2.10) 
where \ΨΑΟ} ¡S the vacuum state for the bosons, i.e. 
d C f f ' ( f c f f ) b o ) = 0 (2.11) 
for all ς, Λ,σ' and σ. Note that the restrictions \k,\ < кр and {к, + q,\ > kp in (2.10) are 
superfluous, as the operators d+ /(fca) are defined for |fc| < kp and \k + q\ > kp only. 
Consequently they will no longer be mentioned explicitly. 
Clearly the number of boson states that can be constructed in terms of the boson 
creation operator d+ ,(ka) and the vacuum state \φΑθ) exceeds by far the number of 
fermion states. For instance a boson state like 
M = dj.n (*i*i№5
aTÎl(fciffi)l¥Uo) (2-12) 
does not correspond with any fermion state, whereas a boson state like 
Ы = Л+Ь.-^і^^+М^^Ы ( 2 Л З ) 
corresponds with the same fermion state as the boson state \<PA2) defined in (2.10). For 
clearness' sake the complete set of boson states is divided up into three subsets A, В 
and C. Subset A consists of states \φΑτη) being in a one-to-one correspondence with the 
complete set of fermion states |m) (2.4). Subset В consists of those boson states Іувт) 
that correspond with fermion states already taken into account by the states \<pAm) (cf. 
2.13). Finally subset С consists of boson states which do not correspond with any fermion 
state (cf. 2.12). 
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Now the boson Hamiltonian IIB is constructed by requiring 
(<РАт\Нв\<рАт) = ( т | Я | т ) , 
( ЛтІЯвІ Лт') = ( m l ^ l m ' ) . 
for all fermion states |m) and \m'), and further 








.) = 0 (2.15) 
for all boson states of the respective subsets. The correctness of this procedure follows 
immediately from the form of the matrix representation of HB, M(HB), on the complete 
set of boson states: 
M(IIB) = , (2.16) 
where Мд is the matrix representation of HB on the subset A, i.e. MA is identical to 
the matrix representation of the jellium model, and Мвс is the matrix representation 
of HB on the subset of the remaining boson states. Consequentcly the boson system as 
described by HB is not equivalent with the jellium model but includes that model. The 
merit of the present formulation is the separation of fermion and non-fermion states. This 
means that the eigenvalues of the jellium model form a subset of all eigenvalues of Я д . 
In this sense HB can be said to describe the jellium model. 
For constructional purposes Яд is written as 
Я
в
 = Я а + Я ! + Д Я
я
, (2.17) 
where Яд, Яд and АНв are chosen such that 
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(Ч>Ат\Нв\ч>Ат) = {9Ат\Нв\'РЛт), 
( ДтІЯвІ Лт') = (Ч>Ат\НІ\<рА
т
>), τη φ τη', (2.18) 
(VAmWh + Hlfow.) = -(ψΑη
ί
\ΑΗΒ\ψμηή, ß = B,C. 
First Ηβ is constructed. Thereto the following boson operator is introduced: 
nL = Wr - k) + Σ t4a(fc - *>') dqaik - qa') - <tq(T,{ka)dq<j,{ka)\ (2.19) 
qa' 
It can be shown that: 
(1) the boson states are eigenstates of n ? and 
(2) "fcJVMm) = п
ка
\т). 
Consequently it holds: 
' Σ ' 
q 
HB = Σ fob«!
σ
 - $  УІЧ) nB^qa ηΙσ] . (2.20) 
The term Яд is obtained by expressing Яд cis 
Hl = Σ «КО . (2-21) 
1 = 1 
where the appearing nine terms Hg{i) refer to the nine different types of off-diagonal ma­
trix elements (2.8). These types are characterized by the signs of |¿j | — кр, j = 1,2,3,4, 
where it must be taken into account that a permutation of ¿i and Í2 or ¿3 and ¿4 does 
not lead to a new type of matrix element. The nine types are: 
(1) I U |/2|, l U \lA>kF; 
(2) I/,I, l/j), 141, \U\<kF; 
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(3) \t1\<kF , I/JI, | /З | , \t*\>kF; 
(4) \i3\<kF , \іг\, \t,\t \t*\>kF; 
(5) \i1\>kF , M , І/зІ, |/4|<fcr; 
(6) | / 3 | > ¿ F , Ι/,Ι, |/2 |, 141 < V , 
(7) Ι/,Ι, 141 < ¿F , 141, |4|>fcF; 
(8) 141, 141 <kF , 141, 141 < *F; 
(9) 141, \іл\<кр , 141, 141 >**· . 
The construction of the terms Hß(i),i = 1,...,9 is straightforward. As an example 
the term #g(l) is constructed here. The translation of fermion states into corresponding 
boson states is facilitated by putting 4 = &ι +9i , 4 = ^ 2 + 92, 4 = &і+<7І, 4 = &ι+92 
with |fei|, ІікгІ < kf. Then the states |m) and |m') as given by (2.4) and (2.7) can be 
expressed as follows: 
|m> =
 ^т^Л+д^^І™- 2 ) '
 ( 2 2 2 ) 
lm') = cfc1+ ,1T1cfc,a Icî2+g .T'cfc2^lm-2). 
where the appearing fermion operators refer to six mutually different fermion states and 
|m — 2) is given by 
|ra - 2) = ( f t t(kr - \k,\) (\к, + ς,| - kF) с ^ ^ ck¡a^ |0) . (2.23) 











^СітД^і^ОІ Дт-г) = dq2Tï(k2ai)\ipAm-2) = dq^T'^kìa^lifiAm-i) 
= ад.2т'2{к2а2)\<рАт-2) = О . (2.25) 
The requirement (2.25) follows directly from the correspondence of І лт-2} with the 
fermion state |m — 2) given by (2.23). Using 
( ^ т | Я 1 ( 1 ) | ^
т
. > = [V(q1 - q'JSr^Sr^ 
- V{k2 + q2 - fcj - q'i),5T2r'1'5r1T^<5g1+g2,gi+9^ (2.26) 
for any pair of boson states of the type given by (2.24), #1(1) is found to have the form 






ІР, - Pi) d^rika) 4 2 r ,( fcV) dp iT(fca) dp, T.(fcV) (2.27) 
- V(fe' + p 2 - fc - pi) 4 i r(fca) 42 r,(fcV) dpÍTl(fcff) dp-T(feV) 
where the primes appearing in the summations indicate that terms containing Vr(0) are 
excluded as well as that the boson operators must be such that the corresponding fermion 
operators are all different. Note further that the relevant matrix elements of Дв(1) 
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between the boson states of subset Λ are indeed all zero except for those pairs of states 
as given by (2.24). Consequently Яд(1) is correctly expressed by (2.27). 
The remaining terms of Hg(l) (2.21) can be constructed analogous to //¿(1). They 
are found to be 
fci.fcz.&i.fcs1"!1"' η,ς'σ,σ' 
V ( * ' - * i ) ' i ; + 4 1 _ t I a i f c l T ) d ; 4 f c i - t 2 a ' ( * a T ' ) < i î f f ( * i T ) d » , ' ' i * ' a T ' ) 
^в(З) = Σ ' Σ ' [V(q)d+p,T(k'a>)d+a(kff)dPT(kW) 
qPP'.T Ιί,Ιί',σ,σ' 
- V(p' + k'- k)d^.
a
(k'</)d*T(ka)dpT{h'</)] δρ,4+ρ, , 
tf|(4) = [Я»(3)]+ , 
(2.29) 
(2.30) 





 ! 2 
- V(fc2-* ! l)áJ+ik,_Jk^(fc2r)d (7<7(fc'1a')d (7 'a'(^)] V+fc2.ifc'i ' ( 2 · 3 1 ) 
Я|(б) = ^ ( 5 ) ] + , (2.32) 
"К?) = 5 Σ ' ^(ï)dîîff'(-*Orf+ff(ifcff) 
д,к,к',<т,<т' 
-V(q + k + k')d+_qA-k^)d+<7(ka')} , (2.33) 
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"i(8) = [Я|(7)]+ , (2.34) 
"Β(9) = Σ ' [ν(4)ά+σΙ(^σ')ά4^σ) (2.35) 
ç.fc.fcV, σ' 
-v(fc-ik')4<T( fcV)V( fccr')] · 
The primes appearing in the summations indicate that the terms with V(0) are excluded 
as well as that the appearing boson operators must be such that the corresponding fermion 
operators are all different. 
The construction of the remaining term АН в of the boson Hamiltonian Нц (2.17) is 
in principle straightforward as well. For instance matrix elements like 
( Дт|//Ь + НЦ^Ст+і), with 
|<Л4т) = ^ a a ^ l ^ l V M m - l ) > 
are compensated by matrix elements (φАт\АЬв^ст+2) , where 
AhB = - Σ ' d+lT{ka)dq,T(ka) V(q)dq(7(ka)d_q(T,(-k'a') (2.37) 
q,q'k,k'a, σ'τ 
- V(q + к + ік
 д(Т'(*:^)а_9£7(-Л ) 
is one of the terms of АНв- The remaining terms of АНв, which must compensate matrix 
elements of the type ( y / i m | # ¿ + tf¿|vcm') can be found analogously. The compensation 
of matrix elements of the type ((¿um |#¿ + Нв\ірвт') can in principle be brought about 
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by imposing additional restrictions on the summations in (2.27) - (2.35). E.g. a matrix-
element like (ψ
Α
ο\Ηβ + Hg + АНв\ в2) , where Іувг) is given by (2.13), is zero if 




 T {ki<7i)da ,£ _іі τ {^2σ7) is not taken into account. 
3. The high-density limit 
The boson Hamiltonian Hg, which includes the full description of the jellium model at all 
densities, cannot be constructed explicitly due to the complexity of АНв- The algorithm 
given in section 2, however, can be applied to simpler fermion systems, which allow an 
explicit description in terms of bosons. Here the algorithm of section 2 is applied to a 
reduced form Up of the jellium model, which has the same ground state energy as the 
jellium model in the high-density limit. 
Starting point of the present analysis is the following fermion Hamiltonian: 
k,a k,q,a 
+ \ Σ 4 * F - ¿Ж** - Ъ'Ж\Ь + q\- ку) (\к' +
 q\- kF)V(q) 
q,k,ii ,σ,σ' 




-k-qa}}- ί 3 · 1) 
As shown by Sawada [2] Hf has the ground state energy of the jellium model in the 
high-density limit [3], namely 
E0 = 2N 
2.2 0.9 
+ 0.0622 In r, (3.2) 
where EQ is given in Rydberg and the dimensionless parameter r, is given by 
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/ 3 Ω \1/з те2 
г
' = toJ -W ( 3 · 3 ) 
Sawada's Hamiltonian Hs is obtained by simply replacing the fermion pair operator 






\k + q\ > kp and к < kp by the boson operator ίίί
σ
(Αΐσ), i.e. 
^5 = EwL-\ Σ' V(q)e(kF-k)0(kF-\k + q\) 
k,a k,q,a 
2
 f , Σ ' V(ç) [¿ÎÇff.(-fcV) + dga.(*V)] [ (3·4) 
κ,κ ,9, σ, σ 
Clearly Ήβ does not describe a fermion system, as the eigenstates of Hs are linear com­
binations of states belonging to the subsets Л, В and С. 
The fermion Hamiltonian Η ρ (3.1) still contains too many terms for the present pur­
pose of describing the fermion system (3.1) in terms of bosons. Notably interaction terms 
with large momentum transfer q ~ kp, that do not contribute to the ground slate energy 
in the high-density limit (3.2) as shown in the appendix, prevent an explicit description 
of the fermion system in terms of bosons. For that reason the algorithm of section 2 is 
not applied to Hp itself but to a reduced form of Hp leaving out interaction terms with 
q ~ kp. This reduced form is the following fermion Hamiltonian: 

















-JkV + СІ Ск'+д<т] [cUqacka + clkac-k-qa}] · (3.5) 
where the double prime appearing in the second summation over q indicates that this 
summation is restricted to those terms satisfying 0 < q < г
г
'*кр < \q + к + k'\. 
The restriction q < rj^kp <\q -\-k' + k\ must be imposed in order to obtain an explicit 
description of Hp in terms of bosons, as shown in the following. The influence of this 
restriction on the ground state energy in the high-density limit (r, —» 0) is negligible (see 
Appendix). 
The boson Hamiltonian HFB, which describes the fermion system defined by (3.5), is 
now obtained from the fermion Hamiltonian Hp by requiring 
(V-4m|#FB|VMm') = {тп\Нр\т'), 
(^/»mlZ/FBlySm') = {Ч>Аш\Нрв\ч>Сш·) = 0 
(3.6) 
for all fermion stales |m) and all boson states |y,4m), Урвт), І ст)· For constructional 
purposes Hpв is written as 





where ΗΡΒ(0),ΔΗΡΒ{\) and Д#кв(2) must satisfy: 
(3.7) 
( /Іт|Д>ВІ<Л4т') = (φΛπι\ΗρΒ(0)\φΛπ,'), 
(<pAm\IlFB{0) + ΔΗρ
Β







) = {<pAn\AIIFB{l)\<(>Bm.) = 0. 
The construction of HpB(0) is straightforward and gives (cf. 2.33 - 2.35) 
(3.8) 
HpB(0) = Σ,4ηΪσ-\ Е'Пя) (кр-к) (кр-\к + ч\) 
к,а k,q,a 
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+ Ì Σ " (η,) d+_q(Tl(-k'a') + dq(T,(k'a') dqaibv) + d-qff(-ka) 
- V(q + k + k') d* Л-к'аЩ
а
(к<гЧ + dqcWd ¿(-k'a) 
- 2V(k - k')d}¡tT(k'<j')dqff(ka') \ . (3.9) 
The only non-zero matrix elements of the type (φΑπι\ΗρΒ(0)\φστη') are 




„-ι) and \tpCm·) = 
dq^i^ì^d'q^i^^ìì'PAm) , where (кза'3) = (fciaj) or {q3a3) = 
(q, + ki - ¿заі) and 
(2) those between the states \<pAm) = а^^к^Щ^^а'^фАт^) and l^cm') = 
< і $,аз(* : з^з)^
і ( Т 4 (Л4а^) |^д т ) , where (k3a'3) = (kia[) and (к^) = (Ьз^г) 
or (93σ3) = ( 9 ι + * ι - * 3 σ ι ) and (Λ4σ^) = (fca^) »г (дз^з) = (gj+fei-fcs^i) 
and (94σ4) = ( ς 2 + &2 - fc4^2)· 
Consequently ДЯрв(1), which must compensate these matrix-elements, is found to be: 
AHFB(1) = - Σ" { №.Μ,σ) 
q,k,k',<T, σ' 
-\N(q, к, σ, σ)ΛΓ(-</, -fc', σ', σ')] V(g)d<7a(fca)d_9£T,(-fc'CT') 
-[І ( 9, fc, ir, σ') - \N(q, fc, σ, a>)N(-q, -fc', σ', σ)] V( g + fc + k')dq(T,(ka)d_qCr(-k'a') 
+N{q,k,a,c)V(q)dqa(ka)d+cTl{k'a') - N{q,k,a,a') V{k - k')dq(Tl(ka)d+al(k'a)\ 
+ C.C. , 
(3.10) 
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where N(q1, fcj, σ,,τ,) = -d^^k^dq^kia^ 
+ Σ ^.T(klal)dqlT(k^ + d+ k (q'T)d ki_qlTì(q'r) 
q'.T L i i ι τ 
The effect of ДЯрв(2), which must compensate matrix-elements of the 
type (φΑιη\ΙΙκΒ{0)\ψΒτη'), is an additional restriction on the summations 
in (3.9). This restriction can be phrased as follows: taking into account 
the term proportional to d ,(—k'a')dq¿(ka) means discarding the term proportional 
to <r , , , (—k'a')d , , , ,(ka). Such a restriction cannot be made mathematically q+k+k σ ν ' -q-k-kσ K ' 
explicit in general. In the present case, however, this problem does not apply as the 
restriction due to AHFB(2) is already contained in the relatively simple restriction 
qKrJ'kp < |g + fc + fc'|, i.e. 
АЯ
РВ
(2) = 0. (3.11) 
It should be remarked here that (3.11) does not hold at lower densities, where interaction 
terms with momentum transfer q ~ kp become important for the ground state energy 
and a restriction q < rJikF < \q + к + fc'| cannot be imposed. 
The Hamiltonian HFB, given by (3.7), (3.9), (3.10) and (3.11), includes the full de­
scription of a reduced form of the jellium model with the same ground state energy as 
the jellium model in the high-density limit. In this sense HFB can be considered as a 
three-dimensional analogue of Tomonaga's Hamiltonian for the one-dimensional electron 
system. 
It is interesting to compare HFB with Sawada's Hamiltonian Hs (3.4), which also leads 
to the exact ground state energy of the jellium model for r, —» 0. The two Hamiltonians 
differ strongly from a fundamental point of view. The present Hamiltonian Нрв is a 
boson formulation of the fermion system defined by (3.5) whereas Hs does not include a 
description of a fermion system at all, i.e. its meaning is unclear. 
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4. Conclusions 
The purpose of the present paper is to describe the interacting electron system in terms 
of bosons. The present boson formulation consists of an algorithm for the construction 
of a boson Hamiltonian Яд, which includes a full description of the jellium model at 
all densities. An explicit construction has been presented for a reduced form of the jel­
lium model with the same ground state energy as the jellium model in the high-density 
limit. The obtained Hamiltonian Нрв has been compared with Sawada's Hamiltonian 
Hs, which also gives the exact ground state energy of the jellium model for r
s
 —• 0. In 
contrast with Нув the Sawada Hamiltonian does not describe a fermion system. Conse­
quently a full analysis of the high-density electron system in terms of Hs is questionable 
from a fundamental point of view. Notably the conclusion cannot be sustained that the 
elementary excitations of Hs do indeed correspond with the elementary excitations of the 
jellium model in the high-density limit. 
The present boson formulation has not lead to new numerical results nor to a boson 
Hamiltonian that seems promising for a calculation of the properties of the electron system 
at lower densities. At first sight the appearing Hamiltonian HB (2.17) seems an attractive 
starting-point. For it seems natural to neglect the very complicated term АНв and to 
diagonalize the bilinear part of H в + H в while accounting for the remaining terms of 
Hß + Hg by means of a perturbation calculation. However, there is a snake in the grass 
here. Namely, at lower densities interaction terms with larger momentum transfers get 
important. This means that a neglect of АНв can no longer be justified. Therefore such a 
perturbation procedure lacks a satisfactory systematics just as a perturbation calculation 
starting from Sawada's Hamiltonian, i.e. the results of such a calculation are just as 
questionable. 
Summarizing: the significance of the present boson formulation lies in the fundamental 
sphere, not in the practical one. The question has been raised and answered in which way 
the interacting electron system can be described in terms of bosons. 
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Appendix 
Consider the Hamiltonian H'F, which is obtained from Hp (3.1) by taking into account 
only those interaction terms with momentum transfer q < qo « kp, where qo is some 
cut-off momentum transfer. In the high-density limit (r, —* 0), the ground state energy 
of H'F can be expressed as follows [7] [8] : 




И г. Ібя^Н V 4 / J-oo Jo 
1 + X(«) X(u) 
4г
а
 / 4 \'/ : 
Y(U) = —- ( -— ) 1 — u arctan — 
(АЛ) 
(A.2) 
The integral over q can be easily calculated leading to 




16πτ? (?)'"/: du 
lip β у Кρ β К ρ К ρ К ρ 
(А.З) 
This result gives the exact ground state energy (3.2) in the limit г^  —> 0 provided that 
On Ar, / 4 λ'/3 
τ τ » Xmax, where Xmax = x(0) = —- ( — I is the maximum value of the function χ. 
κ ρ π \ 9 π / 
This requirement is satisfied by choosing qo — rj^kp as x
m o I is proportional to r,. 
In order to show that Hp (3.5) leads to the exact ground state energy (3.2) it must 
be argued now that the additional restriction \q + к + ik'| > г/*кр, which is the only 
difference between Up and H'p, does not affect Eo up to order lnr 4 , i.e. 
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lim 
г 5 - > 0 
& [Ый'М - ЫЪЫ] 
In г, 
= 0, (Л.4) 
where \φο) is the ground state of H'F. 
For that purpose the following function is introduced: 
F„Aq,k,k') = 
¿0(r\'4cF - q)0{kF - k)0(kF - к') (\к +
 q\- *,) i>(|fc' + q\- kF)V(q) 
M
 [C-fc'-g<7'C-fcV' + ckVCk'+qa] lckwcko + c+.kac-k-qa\ M\ • ( A · 5 ) 
Using (3.1) together with the definition of H'F and using (3.2) and (3.5) it appears that 
in the limit г^  —» 0: 
Σ F
o</{q,k,k,) = 2N(0M22]nrt), (A.6) 
k.k'.q, σ, σ' 
Σ ' 9{r\/'kF - \k + к' + 4\)Ρσσ,(4,ί,Η') = М Я г Ы - ЫНгМ. 
k,k',q,a, σ' 
Consequently H'F and HF have the same ground state energy in the high-density limit if 
lim 
г, ^ О 




The denominator in the left hand side of (A.7) can be expressed as follows in the limit 
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г . - » 0 : 






 dy[ (A.8) 
/*' k2dk f"' к'Чк' Г dvF,(q, k, k', x, y) 
Jkf- qx Jkr- qy Jo σ σ 
where χ, у and φ are defined by 
к • q = kqx, 
k'q = k'qy, 
Пг * К — Кп, 
(A.9) 
xy — y/l — х2\] 1 — у2 cos ψ 
q0 = kp rj* and С is some constant. It should be remarked that the function F is inde­
pendent of φ. The reason being that each function value F '(q, k, k') can be interpreted 
as a sum over ring diagrams. The numerator in (A.7) is also of the form (A.8), but now 
the following restriction must be imposed: 
qi + k2 + k2 + 2qkx + 2qk'y + 2kk' xy - V l - x V l - ^ c o s v ? KklrJ*. (АЛО) 
It can easily be checked that for r, —» 0, where it holds that k — kp, k' — kp and q are of 
the order of г J* kp or smaller, the restriction (A. 10) leads to: 
1 
1 — ^ ε 2 < cosip < 1 (A.11) 
0 < ¥ > < ε , (A.12) 
where ε is of the order of rj*. From (A.8) and (A.12) it follows directly that the re­
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Samenvatting 
Dit proefschrift heeft als onderwerp: de formulering van het jellium model in termen van 
bosonen. 
Het jellium model bestaat uit wisselwerkende elektronen, die bewegen tegen een ho-
mogene achtergrond van positieve lading. De betreffende wisselwerking is de Coulomb 
wisselwerking. Het systeem als geheel is neutraal, d.w.z. de totale lading van de elek-
tronen heft de positieve lading van de homogene achtergrond op. Het jellium model kan 
gezien worden als een vereenvoudigd model voor een metaal, waarbij het rooster van de 
metaalionen is vervangen door de homogene achtergrond van positieve lading. De bestud-
ering van het jellium model heeft bijgedragen tot inzicht in het gedrag van elektronen in 
metalen. 
Het jellium model is nog dusdanig gecompliceerd dat alleen exacte oplossingen bekend 
zijn voor zeer lage en zeer hoge elektronendichthcid. Eén van de methoden, die tot deze 
exacte oplossingen leiden, is het formuleren van het jellium model in termen van boso-
nen. De bestaande boson formuleringen doen echter onvoldoende recht aan het fermion 
karakter van het jellium model. Dit roept de fundamentele vraag op naar hun betekenis. 
In dit proefschrift komt deze vraag aan de orde en worden andere boson formuleringen 
gepresenteerd. 
Het proefschrift bestaat uit twee delen. Deel I behandelt het jellium model in de 
limiet van zeer lage dichtheid. In deze limiet gedragen de elektronen zich min of meer 
als klassieke onderscheidbare deeltjes. De grondtoestand van het klassieke jellium model 
blijkt een rooster van stilstaande elektronen te zijn (hoofdstuk 2). Wigner heeft laten zien, 
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dat de grondtoestand van het quantummechanische jellium model bij zeer lage dichtheid 
nog steeds kan worden voorgesteld door een rooster. Echter nu staan de elektronen niet 
stil, maar trillen ze om de roosterplaatsen. In de theorie van Wigner zijn de trillingen 
van de elektronen niet aan elkaar gekoppeld met als gevolg dat voor de trillingsenergie 
van de elektronen in de grondtoestand een te hoge waarde wordt gevonden. Carr heeft 
de theorie van Wigner verbeterd door deze trillingen te koppelen. In de theorie van 
Carr wordt de exacte trillingsenergie voor zeer lage elektronendichtheid gevonden door de 
Hamiltoniaan van het jellium model te ontwikkelen in de uitwijkingen van de elektronen 
uit hun evenwichtsposities in het rooster en het resultaat m.b.v. een lineaire transformatie 
te schrijven als een boson Hamiltoniaan. Deze semi-klassieke procedure heeft echter tot 
gevolg dat het fermion-karakter van het jellium model volledig verloren gaat. 
In deel I wordt de semi-klassieke aanpak vervangen door een volledig quantummech-
anische methode. De resultaten van Wigner blijken overeen te komen met die van een 
Hartree-Fock theorie, waarbij de grondtoestand een Slater-determinant is bestaande uit de 
grondtoestandsfunkties van harmonische oscillatoren, die gelokaliseerd zijn op de rooster-
posities van het Wigner rooster (hoofdstuk 3). In de theorie van Wigner wordt de overlap-
ping van twee funkties op verschillende roosterplaatsen verwaarloosd. In de Hartree-Fock 
theorie kan deze overlapping, die aanleiding geeft tot het voor fermionen karakteristieke 
"exchange-effect" op relatief eenvoudige wijze worden meegenomen. Het blijkt dan dat 
voor lage elektronendichtheid een ferromagnetisch rooster de voorkeur verdient boven een 
anti-ferromagnetisch rooster. De resultaten van Carr worden verkregen door de elektron-
elektron correlatie mee te nemen. Dit gebeurt in drie stappen (hoofdstuk 4). Eerst 
worden de eigentoestanden van het jellium model geschreven als lineaire combinaties van 
alle mogelijke Slater-determinanten van eigenfuncties van harmonische oscillatoren, die 
gelokaliseerd zijn op de roosterposities van het Wigner-rooster. Vervolgens wordt een 
effectieve Hamiltoniaan ingevoerd, die dezelfde eigenwaarden heeft als de oorspronkelijke 
Hamiltoniaan van het jellium model, wanneer het "exchange-effect" wordt verwaarloosd. 
Door tenslotte gebruik te maken van een transformatie, die een direkt verband geeft tussen 
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fermionen en bosoncn, wordt een boson Hamiltoniaan verkregen, die het jellium model 
bij zeer lage elektronendichtheid volledig beschrijft. De zo verkregen boson formulering 
wordt gebruikt om het effect van een magnetisch veld op het jellium model te bestuderen 
(hoofdstuk 5). Met name wordt nagegaan of een Meissner-Ochsenfeld effect, zoals dat 
bij supergeleiders voorkomt, in het jellium model met zeer lage elektronendichtheid kan 
optreden. Dit blijkt niet het geval te zijn. 
Deel II van het proefschrift behandelt het jellium model in de limiet van zeer hoge 
dichtheid. In deze limiet wordt het model meestal bestudeerd m.b.v. storingstheorie, 
waarbij het vrije elektron model van Sommerfeld wordt gebruikt als ongestoord systeem. 
Een dergelijke storingstheorie leidt reeds in tweede orde tot een divergentie in de grondtoe-
standsenergie als gevolg van de lange dracht van de Coulomb wisselwerking. Gell-Mann 
en Brueckner hebben dit probleem omzeild door de meest divergente storingstermen, die 
kunnen worden voorgesteld door zogenaamde ringdiagrammen, op een bepaalde wijze te 
sommeren. Hun berekening leidt tot de exacte grondtoestandsenergie in de hoge dichthei-
dslimiet, maar is op zichzelf niet gerechtvaardigd. Sawada heeft de grondtoestandsenergie 
berekend door eerst alle bijdragen van de Coulomb wisselwerking, die niet leiden tot 
ringdiagrammen, uit het jellium model te verwijderen en daarna het overblijvende deel 
van de Hamiltoniaan als een exact oplosbare boson Hamiltoniaan te schrijven zonder 
zich om de juiste fermion-commutatierelaties te bekommeren. Sawada's boson formuler-
ing kan gerechtvaardigd worden vanuit het standpunt van storingstheorie, aangezien het 
niet gebruiken van de juiste fermion-commutatierelaties in de limiet van hoge dichtheid 
een verwaarloosbaar effect heeft op de grondtoestandsenergie, vergeleken met de bijdrage 
van de ringdiagrammen. De methode heeft echter tot gevolg dat de verkregen boson 
Hamiltoniaan in het geheel geen systeem van fermionen beschrijft. De betekenis van deze 
Hamiltoniaan is derhalve onduidelijk. 
In deel II wordt een algorithme gegeven voor de constructie van een boson Hamil-
toniaan, die de volledige beschrijving van het jellium model bevat voor elke elektronen-
dichtheid (hoofdstuk 2). De boson Hamiltoniaan wordt zodanig geconstrueerd, dat zijn 
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matrixrepresentatie op een deelverzameling van boson toestanden, die één op één corre-
spondeert met de volledige verzameling van fermion toestanden, volledig identiek is aan 
de matrixrepresentatie van het jellium model op de genoemde verzameling van fermion 
toestanden. Voorts wordt gezorgd dat de matrixelementen van de boson Hamiltoniaan 
tussen boson toestanden, die deel uitmaken van de genoemde deelverzameling, en de 
overige boson toestanden nul zijn. De eigenwaarden van het jellium model vormen dan 
een deelverzameling van de eigenwaarden van deze boson Hamiltoniaan. In het algemeen 
kan de constructie van deze boson Hamiltoniaan niet expliciet worden uitgevoerd. Dit 
lukt echter wel in het speciale geval van een wisselwerkend fermion systeem, dat uit het 
jellium model is verkregen door het verwijderen van die bijdragen van de Coulomb wis-
selwerking, die bij zeer hoge elektronendichtheid een verwaarloosbaar effect hebben op 
de grondtoestandsenergie (hoofdstuk 3). Het resultaat van deze constructie is een boson 
Hamiltoniaan, die de volledige beschrijving bevat van een gereduceerde vorm van het jel-
lium model. Dit gekortwiekte model heeft dezelfde grondtoestandsenergie als het jellium 
model bij zeer hoge elektronendichtheid. 
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behorende bij het proefschrift 
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F W Pijpers en G Vertogen J Physique 43, 97 (1982) 
2 De oplossing van het Tomonaga model zoals gepresenteerd door Malian is niet correct 
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elementair In werkelijkheid is het Tomonaga model onder bepaalde voorwaarden exact 
oplosbaar 
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